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FOREWORD 



The increasing contribution of mathematics to the culture of 
the modern world, as well as its importance as a vital part of 
scientific and humanistic education, has made it essential that 
the mathematics in our schools be both well selected and well 
taught. 

With this in mind, the various mathematical organizations in 
the United States cooperated in the formation of the School 
rJ^thematlcs study Group (SHSG). SMSG includes college and uni- 
versity mathematicians, teachers of mathematics at all levels, 
experts in education, and representatives of science and tech- 
nology. The general objective of SMSG Is the improvement of the 
teaching of mathematics in the schools of this country. The 
National Science Foundation has provided substantial funds for 
the support of this endeavor. 

One of the prerequisites for the improvement of the teaching 
of mathematics in our schools is an improved curriculum^-one 
which takes account of the increasing use of mathematics in 
science and technology and in other areas of knowledge and at the ' 
same time one which reflects recent advances in mathematics it- 
self. One of the first projects undertaken by SMSG was to enlist 
a group of outstanding mathematicians and mathematics teachers to 
prepare a series of textbooks which would illustrate such an im- 
proved curriculum. 

The professional mathematicians in SMSG believe that the 
mathematics presented in this text is valuable for all well- 
educated citizens in our society to know and that it is important 
^^for^th^ 'pre college student to learn m preparation for advanced 
work m the field. At the same time, teacher's in SMSG believe 
that it Is presented in such a form that it can be readily grasped 
by students. ^ 

In most instances the material will have a familiar note, 
but the presentation and the point of view will b3 different. 
Some material will be entirely new to the traditional curriculum. 
Thia IS as it should be, for mathematics is a living and an ever- 
growing subject,, and not a dead and frozen product of antiquity.. 
This healthy fusion of the old and the new should lead students 
to a better understanding of the basic concepts and structure of 
mathematics and provide a firmer foundation for understanding and 
use of mathematics In a scientific society. 

It Is not Intended that this book be regarded as the only 
definitive way of presenting good mathematics to students at this 
level. Instead, it should be thought of as a sample of the kinrJ 
of Improved curriculum that we need and as a source of suggestions 
for the authors of commercial textbooks. It is sincerely hoped 
that these texts will lead the way toward inspiring a more mean- 
ingful teaching of Mathematics, the Queen and Servant of the 
Sciences. 
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PREFACE 



• 



To The Student: 

This book will be your second adventure In secondary school 
mathematics. During this year you will develop a better under- 
standing of what mathematics really Is. We hope that you will 
enjoy this adventure. 

Some of the big Ideas In Introductory high school mathematics 
are the follo>d.ng: 

1. The nimbers of arithmetic form a number system. 

You have studied whole numbers and fractions. 
You will see that these numbers are par.t^ of a 
larger system of numbers. You will also learn new 
ways to think about whole numbers and fractions. 

2. Arithmetic leads to algebra. 

You will see how the Ideas of algebrd grow 
out of your knowledge -of arithmetic. 

3. Geometry helps us to understand the world In which 
we live. 

Ideas of point?., lines, planes, and spa6e are 
the alphabet of geometry. You will learn how these 
Ideas form the basis for exploring the world of 
geometry. 

This book was written for you. We hope that you will find It 
pleasant i^eadlng. There may be places where you will need the 
help of your teacher. As you read be sure to have a pencil and 
paper handy so that you can make computations and sketch diagrams. 

The exercises are planned to give you practice In using the 
ideas In the text. Before trying to work an exercise, read It 
carefully, more than once. If necessary. In each problem, be 
sure that you understand what you have to work with and what Is 
required. Some exercises are marked with stars. These are harder 
than the others. Don't get discouraged If you cannot handle them 
immediately. The exercises marked "Bralnbusters" are different 
from the others. Most of them are slightly "off beat" but they 
will give you a chance to use your Imagination. 

We hope that as you continue your study of mathematics this 
year you will strengthen and extend the Ideas you learned last 
year. We also hope that you will understand still more clearly 
what mathematics Is, and that you will establish a sound founda- 
tion for future study In this field. 



Good reading! 



Chapter 11 



LINEAR MEASUREMENT 



11-1. The_ Ruler . 

Measuring Is a way of using numbers to Indicate, the size of 
things. For the crudest kind of measuring we need only whole 
niombers. For more precise measuring we need the rational nvmibers. 
Suppose that you need to find the quantity of water a car radiator 
holds. Here Is how you can do It, After making sure that the 
radiator Is empty, you can get an empty tin can from the kitchen. 
Then you can fill the can with water and pour It Into the radiator. 
You can keep doing this over and over again until the radiator 
overflows. If the l6th can of water overflows, then you may say 
that the radiator holds more than I5 cans and less than 16 
cans. Suppose that nearly all of the l6th can goes into the 
radiator before it overflows. Then you can say that the volume 
of the radiator is Just about I6 cans. Here you are using this 
can as your unit of voliame. If you tell your father that the 
radiator holds 16 cans, he will have no idea of the volume of 
the radiator until he knows the size of the can. If you show him 
the can, or describe it in such a way that he can find another 
can Just like it, then he will know how much the radiator holds. 

Suppose you are asked to find out whether the segments JS 
and US shown below have the same length. 



How will you do it? You will probably lay the edge of a sheet of 
paper along and make marks exactly where A and B come 



B 



A 




C 



D 



on the paper. 




C 



D 



1 
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If the paper can then be laid along the segment "515 so tnat the 
marks come at C and D, we will say that JS and 'Ud have 
the same length. 




This Is Just what we will mean by saying that J5 and W 
have the same length > We will also use the expression 15 and 
ISd are congruent as another way of saying that they have the 
same length. 

You can see that we can use this process to construct a 
segment congruent to J5 starting at any point on a given line. 




Thus, in the two figures above we have constructed point P 
so that j£P Is congruent to AB. This process is' fundamental in 
measuring lengths. 

Now we will see how lengths are measured. We will see that 
this process is very similar to the method used in finding the 
volume of the radiator at the beginning of this chapter. 

First we must select a segment on our unit of length. Any 
segment may be chosen. For this example we will select the seg- 
ment GiT below. 

2 ■ ^' 



10 



6 



H 



We shall need a name for this unit In the following discussion 
and we shall call this unit a "bar." This unit plays the same 
role as the can of water In the radiator example. 

Now if we wish to measure a segment IK we "fill" the seg- 
ment UK, until it "overflows," with segments congruent to GH. 
Below we show segments congruent to gH marked off along the 
ray 3TC. 



J L M N K P 




4 bars 



Now JN is 5 bars in length while is 4 bars in length. 

Segment JK is longer than and shorter than TP. Thus, we 

say that 7K has length' between 5 and h bars. We would say 
the same of any segment which contains Tf? while being contained 
in *7F. ! 

We see that this method is the same as is often used in 
kindergarten. Here the -^.ildren are given a number of rods all 
of the same length which they use to measure segments as shown. 



The method is also the same as you would use to measure the 
lengths of the wall of your classroom with a yardstick. Here 
you "lay off" the yardstick along the edge of the wall over and 
over again. \ • 

The method is also the same as that used in an earlier 
chapter in forming a number line. A very useful tool for measur- 
ing lengths is a portable number line called a ruler . 

Here is the way to construct a ruler. 

First of all, choose a line segment for the unit of 

length. Any segment you like could be chosen but in this 

example use the segment GH which we called the "bar" in 

the above discussion* 
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G H Figure 11- la 

This unit is used to construct a number line by repeatedly 
^ laying off the unit on a line. 

0 12 3 4 5 

* I — I i I , 1 — 

Flgiire 11- lb 

Now make a copy of this number line by laying the edge of a 
sheet of paper along the line with a corner at 0. Transfer the 
marked points and the numbers to the edge of the sheet of paper, 
as shown below. 




, Figure 11- Ic 

When you have followed these Instructions you will have con- 
structed the simplest kind of ruler, You may now use this ruler 
to measure the lengths of segments. Consider the segment LJ^. 

L M 

To measure this segment place ypur ruler along TM with zero at 
L. Find the point where M falls on the ruler. 



>- M 




Figure 11-ld 



4 



1^^ 
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The number n corresponding to this point is called the measure 
of JM with our particur>?^r choice of unit. We say that the 
length of LM is n. bai3. We shall use the symbol^ LM (with 
no line above it) to mean the length of liM. We may say then 
that LM is n bars. Notice how our terms are used. 

n is the measure 
■ - "bar" is the unit 

n bars is the length. 

Let us take another look at Figure 11-ld. We cannot tell 
from this figure exactly what the number . n is. But we can see 
that 

4 < n < 5. 

Therefore > the Lieasure of LTT is between 4 and 5 or LM is 
between 4 fears and 5 bars. We can also see that the number 
n in closer to 4 than to 5. We can express this fact by 
saying that the measure of LM, to the nearest v^hole number, is 
4, Or we may write 

LM « 4 bars . 
The symbol means "is approximately." 

Now use your ruler coxistructed as in Figure 11-lc to find 
the measures of the five segnients below to the nearest whole 
nuniber. - >■ 



-a) 
(e) 



Figure 11-le 

You should have founri that each of these segments Is four 
units In length to the nearest whole number of units. When we 
say that a segment is 4 units In length to the nearest whole 
number of u/ilts, we mean that It Is between 3^ and units 
In length. Thus, each of the segments In the flgiire below Is 
4. unit;.. In length to the nearest whole number of units. 



1 O 
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Figure 11-lf 

We can obtain more accurate measurements of the lengths of 
segments by Indicating more points on our number line. Here Is 
the same ruler that we have been using with the multiples of ^ 
shown. 



T 



Figure 11- Ig 

Exercises 11-1 
. (Class Discussion) 

1. Transfer the marks In Flgur'' 11-lg to your sheet-of-paper 
ruler. 

2» Use this ruler to measure the five segments shown In 
Figure il-le to the nearest quarter of a unit. 

5. Use your paper ruler, to find _ 
the lengths of the three sldef< of X 
the triangle In' Flg^ore 11-lh to X — 

the nearest quarter of a unit. E^"^^^'^'"^""^ 

Figure 11-lh 

6 



14 
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h. What Is the sum of the length of the sides of the triangle In 
Plgiire 11- Ih? 

5. On the paper ruler constructed In Problem 1, locate the points 
corresponding to eighths as closely as you can by estimating. 

6, Use the ruler of Problem 5 to measure the segments in Figure 
11-le to the nearest eighth of a unit. 

\7. Are any of the segments of Figure 11-le congruent? Explain, 



(Recall, that when two segments have exactly- the same length 
they are said to be congruent.) 

8. .Teai? a sheet of lined paper from your notebook and make a 
number line along one edge a*^ shown. 




Using this ruler, measure the segments in Figure 11-le to 
the nearest whole nimber of units. 

9. Using the ruler of Problem 8, measure the segments in Figure 
11-le to the nearest ^ * of a unit. 



11-2. Standard Units of Length . 

Suppose you used a can to fill a radiator and found that the 
radiator held 16 eans of water. If you told your dad that the 
radiator held 16 cans, he wouldn't know the size of the radiator 
until you showed him the can. If you wanted to mention the 
voliame of the radiator in a letter to a friend, you couldn't very 
well serid hijjgx a can in an envelope. But perhaps you could find 
some "way of describing the can so that your friend could find one 
like it. If you found that you had been using a No. 2i size can. 
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then that would solve the problem. This size of can Is In very 
common use In this ibountry and your friend v;ould have no 
trouble finding an empty can of this size. Using this can as a 
Unit, he could duplicate the volume of water, l6 cans, that you 
had described to him. 

The same thing applies in measuring length. A statement that 
a certain segment is 5 units in length gives no information 
Until the size^f the unit is given. If the unit were chosen 
arbitrarily, the size of the unit would have to be expressed by 
providing a copy of it. It would not be possible to convey this 
Information in speech. 

These examples point out the need for units of measure that 
everyone knows and can easily find accurate copies of. 

Usually the laws of a country state the units of measure to 
t>e used. When a unit of measure is established so that it is 
always the same size, it is called a standard unit . When you buy 
a ruler, the marks on it represent line segments that are units 
Of measure of length. Your friend's ruler has units of the same 
size. This -is so simple that it may seem strange that it took a 
long, long time and much hard work to secure agreements on these 
Units. 

People of caveman times had little need for a measuring unit 
that was the same as everyone else's. Without machinery or build- 
ings, man had little need to measure. The few things he , owned 
Could be traded with little concern for size. As civilization 
developed there were more and more goods to be traded, buildings 
to be built, and finally machines to be made. These new activi- 
ties made sizes of goods and sizes of parts very important. 
People now are obliged to measure with units that are the same 
size, for everybody. 

The first units used for length were parts of the body like 
the foot or hand"^ A man's .foot is about as long as the unit foot. 
The dlslJaxice from the tip of the nose to the end of the fingers 
When ^the arm Is held straighit out is about as long as a yard . 
Horses are stln measured by a unit called a hand . A hand is the 
width of the average hand and is about the same as 4 inches. When 
t>oy:a play marbles, they sometimes measure with a unit\ called the 
span. 
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Foot 

Figure ll-2a 



A span Is the distance between the tips of the thiomb and little 

finger when they are spread apart as far as possible. When Noah 

built the ark. It was supposed to be 300 cubits long, 50 cubits 

wide and 36 cubits high. The length of a cubit Is about I8 

Inches. Sailors measure water depth In fathoms . A fathom Is 6 

feet. When the Roman soldiers marched, they counted their paces . 

The Roman pace, how^ever, was a double step. The Latin words for 

"a thousand paces" are "mllla passuiam". Our "mile" comes from 

"mllla" which means 1000. What Is the length of your pace? 

Units of measure like the pace or hand are not all the same. 

Different people have hands of different size. When people began 

to trade and travel. It became Important to have units of measure 

that are always^ the same. Gradually the sizes of the "foot", 

"yard", and other units, were described more precisely. Thus 

they became "standardized." Finally a group of scientists 

developed an orderly, complete system of measurement called the 

metric j system . The meter Is the basic unit of length In this 
— J 

systemj. One meter Is a little longer thah-a^^yard. The length 
of a meter was chosen to be one-ten millionth (VOOOOOOl) of the 
distance from the North Pole to the Equator. \ 
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The National ]B^^au of Standards m Washington has an 
accvirate copy of the ^ete^^ This bar is made of platinum and 
Iridium, a metal whi^^i changes very little in length when temper- 
ature and air presgu^ change. Congress has passed a law that 
tells the fraction of tUls bar which Is the official yard In the 
United States. This bar Is the standard unit of length with 
which all standard vX^tte of measurement in this country are com- 
pared. The bar Is c^tisldeped so Important that It Is locked up 
very securely. Rec^e^tly the meter has been defined more precisely 
In terms' of the let^gth of light waves. 

Measuring lln^ Segments Is like ccanparing the line segment 
with a number line. The la-inch ruler you use is a part of a 
number line in which the Unit is an inch. The part shown on the 
ruler starts at ze^^o ^t\d goes to 12, It Is marked to show count- \ 
Ing nximbers and some of the other rational numbers. When you 
measure a segment, yOu coinpare the length of the segment with the 
number, line marked oO th^\\xler. 

' Exercises llr_Sa 

(Cl^ss Discussion) 

Let's stop and tajce a bareful look at the construction of a 
ruler. ^ 



I 2 3 4 5 



Figure ll-2b 

The foot ruler is cilVlded ^nto 12 equal units that eyeryone 
knows as inches, /tji^ sp^Ce at each end of the picture on this 
page is an inch long. 

1. Why is it n^cessa^y to divide the units? 

2. How is the i-Jich between 1 and 2 divided? 
5. How are the ^ther inches divided? 
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4. When divisions smaller than those shown are needed, how 
are they obtained? 

5. How many divisions are there in the third inch? The 
fourth Inch? The fifth inch? 

6. How many divisions Is it possible to place betwt^en any 
two of the smallest divisions on your ruler? 

One way to use a ruler to measure the length of "55 is 
Shown in the figure below. I 



Figure ll-2c 

Place the zero point of the ruler at the left end of the 
Segment. The length of the segment is the number of the point ^. 
On the ruler that matches the right end of the segment. What is 
the length. of aS ? Exercises ll-2b . 

1. Use a piece of tagboard or cardboard with a straight edge and 
make- a 6-inch ruler. Mark one edge with 1-inch segments 
and the opposite edge with ^ - inch segments. 

S. Make two more 6-inch rulers, one marked with ^ - inch inter- 
vals, and the other with ^ - inch spaces. 

3. Measure each of these liniss to the nearest half inch using 
vthe i^uler that you made in Problem 1. Use the symbol " » " 
In your answers to Problems 3-7 to show that your measurements 
are approximate. 

a. ^ 

b. — ■ ^ ^ 

c. ' ^ 



d. ■ 

e. 
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4. Measure each of the above segments to the nearest ^ Inch, 
using yoiiT ^ - Inch ruler. 

5. Measure each of the above segments to the nearest ^ Inch, 
using your ^ - Inch ruler. 

6. Measiire each of the above segments using the middle section 
of your \thlrd finger. 

7« Which measuring unit gave you the most satisfactory results? 
Why? 

Suppose your ruler were broken near the 2-lnch mark. Can 
you still use it to measure segments? The diagram below shows a 
broken ruler placed to measure segment "CP. 

C 0 




Figure ll-2d 

How- long Is W, to the nearest ^ Inch? Is It 5|- inches? 

" When you place a ruler so that the end of a segment lies on 
some other mark than zero, you must be careful to make a correc- 
tion In the length that Is read an the ruler. In ; the diagram on 
the preceding page the length of the segment Is 5^ In. - 2 In., 
or 5^ In. It Is sometimes easier to measure a segment accurately. 
If this method Is- used, but you must remember to make the neces- 
sary correction. 

Exercises ll-2c 



0 A B CD L F G 







L 1 I 1 1 , 1 


1 1 , j 1 1 1 

1 


1 |.-. j , 1 1 

2 


1 1 1 1 1 1 1 
3 


1 1 1 1 1 1 1 
4 


' 1 ' 1 M ' 
5 



What point on the ruler 'is directly below each of the points, 
A through G, \ on the line segment? 

12 



\ 

■ \ 



on 
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How long Is: 



a. 



IS ? ' b. ? . c, CD ? d, DF ? e. F5 ? 

3. a. Draw a segment 5 Inches long and divide It Into sections 

each ^ Inch long. 

b. Divide 5 t>y | . 

c. Is there any relation between parts :(a) and -(b) of this 
problem? 

4. a. Draw a line segment across your paper and mark these seg- 

ments on It so that the lel'^t end of one starts where the 
right end of the preceding segment falls: 

b. What is the total length of these segments? Read this 
answer on. your ruler. 

c. Check your answer by addition of fractions. 

5. Measure with your ruler the segments marked on the line below 
as Indicated: 



A . B CD L F G H i 

A. 

■ a. a5 e. EF . 

b. SE f. eJ 

c. 17 - g. ^ ' . 

d. "TO " h. T7 

6. a. On the preceding line, measure each of ^the following 
segments If you have' not already done so: TS, , 55, 
T^, T5B, W, 131, ITT, and IT. 

\b. Add all of these measures and check with the answer? In 
5(c). 

♦7. Write the fractions ^, ^, -g, and' as common fractions 

In base two numerals. 
♦8. ,Is there an;^ relation between the divisions on a ruler and 

base 2 ? V 
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There are many standard units of length such as the Inch, 
yaz*d, foot, mile. It is often necessary to be able to convert 
from one to the other. ?or example. If we are told that a seg- 
ment Is 175 Inches In length, we may wish to be able to find 
the length of this segment In feet. Here Is how we proceed. 
We know that if the measure of a segment In feet Is 1, then 
^the measure of this segment In Inches Is 12. Consider the ratio 



measure In Inches 
measure In feet 

This ratio Is the same for any segment, 
measure of a seg;7ient In Inches is 56, 
Is 3 . Thus 

measure In Inches _ 56 
measure In feet "5" 



12 

For example, if the 
then its measure in feet 



12 



For 



This principle holds true whatever the units may be. 
example: 

measure of XB in bars _ measure of (?D in bars 

measure of XB in rods measure of CD in rods 

Let us answer the question raised above: "What is the 

measure in feet of a segment whose measure in inches is 175?" 

Let x denote the measure of this segment in feet. Then set up 
two ratios for: 

measure in feet 



measure in Inches 



Then 



measure of this segment^ 
in feet V 

X 

measure of this segment-^ 
in inches 

From our work on ratios we know that 

12 • X = 
X = 



^^measure of 
in feet 

1 

I? 

^^measure of 
in inches 



1 • 175 



1 foot 



1 foot 



The measure in feet of the segment is ^^^^ 
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Here Is a slightly harder problem, A segment whose measure 
.in centimeters Is- 100, has measure in inches of approximately 
59.37. What is the measure in centimeters of a 5-lr^ch segment 
Let n be the measure in centimeters of the 5-ir^ch segment. 



measure in centimeters measure in centimeters 



100 

measureT.n inches measure in inches 

I 

Then (39.37)n « (5)(lOO) 

* r, C . 100 




or 



n w 12.70 
Exercises ll-.2d 



Use the 


method 


described above to 


change 


the 


following 


lengths 


to different units. 










a. k 


ft. = 


in. 


f . 


72 in. 




ft. 


b. 27 


ft = 


yd. 


g. 


k mi. 




■ ft. 


c. 27 


yd. = 


ft. 


h. 


54 In. 




ft. 


d. 100 


yd. = 


ft. 


i. 


60 in. 




yd. 


e . 120 


ft. = 


yd. 


J. 


27 in. 




yd. 



2. How many yards are there in one mile? 

3. Walk naturally for ten steps. Measure the distance from the 
f^irst toe mark to the last toe mark. Divide by ten to find^ 
the length of your pace. Express this length in" two ways:- 

a. in feet, b. in inches. 

k. a. Use your pace to measure the length and width of your 
classroom. Change your answer to feet. 

b. Measure the length and width of your classroom with a 
yardstick. Measure to the nearest foot and check with 
your answer to part (a)* 
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Find the total length of each of the following simple closed 
curves by measuring each segment and adding all the measures. 
Use a ruler marked In l6ths of an Inch. F 




Use 18 Inches as the length of a cubit and find the 
dimensions (length, width, and height) of Noah/ s Ark:. 
.You can find the dimensions In cubits near the beginning 
of Section 11-2. 

Give the dimensions of the Ark: In feet and also In yards, 
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11-3. Precision and Error . 

The true measuffe of a geoinetrlcal segment Is an exact number, 
but we cannot make exact measurements with a ruler. "The best 
that we can do with a ruler Is to make measurements to the closest 
division marked on the ruler. .If the ruler is marked only in whole 
ntunbers of Inches, then we can measure with this ruler to the 
nearest whole number of inches. Such measurements are said to 
have l~lnch precision . 

j.Thus, from the figure below: 



A V B 




we maty say that 

S AB w 4 Inches with 1-lnch precision. 

■This statement conveys the Information that the length of 705 
Is closer to 4 Inches than to any other whole number of inches. 
It tells us only that the true length of JS is between 3^ and 
4^ Inches. It is clear that the statement doeg not convey all 
the information that is contained in the picture. 

' To say that a measurement has 1-inch precision means that 
this measurement was made with a ruler having only the whole 
numbers of Inches marked. (Such a measurement could have been 
made by Ignoring all the marks on the ruler except those indica- 
ting whole numbers of inches.) 

Similarly, to say that a measurement has ^ inch precision, 
means that the measurement was made with a ruler marked only with 
multiples of ^ inch (0, ^, 1, Ip 2, etc.). (Again, such a 
measurement could have been made by ignoring all the marks in 
the ruler except those indicating multiples of ^ .inch.) 
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' Exercises ll-3a 
(Class Discussion) 



Prom the flgixre below: 



I M I ' I I I I I I I M M M I I ' I I 'I ' I ' I ' I 
'2 '3 '4 



' I ' I M ' 



1.. 


AB w 




AB « 


3. 


AB « 


4. 


AB « 


5/ 


AC » 


6. 


AC « 


7. 


AC « 


8. 


' AC «. 



the following: 




with 


1-lnch precision . 


with 


1 

? - 


Inch 


precision. 


with 


1 


Inch 


precision. 


with 


1 


Inch 


precision . 


with 


1 - 


Inch 


precision. 


with 


1 


Inch 


precision . 


with 


1 


Inch 


precision. 


with 


1 


Inch 


precision . 



A more convenient way of expressing the precision of measure 
ments Is to write measures as mixed numbers with the denominator 
denoting the precision. For example, we shall, use the statement: 



EF 



« Inches, 



to mean 



while 



will mean 



EF « Inches with -i -Inch precision, 
o o 



EF « 4^ Inches, 



EF « 4^ Inches with - Inch precision. 



\ .Of course, the numbers 4^ and 4^ 
"4| " and " 



are equal, but the 
numerals "4^ " and "4^ " are different. In statements In- 
volving measurements we choose the numeral which expresses the 
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precision of the measurement • You may wonder how we would shorten 
the statement 

GH w 5 Inches with -jj- - Inch precision. 
The answer Is ver^ simple. We write 

Inches. 



An Idea. closely related to precision Is greatest possible 
error. To understand what this means co' slder the following 
example: 

Suppose we are told that: 

1 



GH w 5 Inches with 



inch precision; 



or, in other words. 



GH « 5^ inches, 



What do we know about the true length of "SH ? We know that 3 
Inches is the length of to the nearest half Inch so if ?}R 

is measured by a ruler with G at 0, then H must fall some- 
where in the segment TTz alonr. the edge of the ruler. 



W 



1 

0 


1 

1 




F*"""* 1 1 

A. 


1 

4 


'I 















3 1 

The true length of GH must be between, 2^^ Inches and 3^^ inches, 

What is the error in using 3 inches as if it were ^the true 
length of ISR ? The answer to thl.6 question depends on Just where 
the point H falls in the segment If H falls at point X 



then this error is 



1 



inch. 



WXY Z 

• a f — 



2i 



5 



if H falls at point Y, tnen this error Is 0 Inches. If H 
,;;^alls at W jr Z, this error Is Inch. But In no case can 
thts error ejtceed ^ Inch. V/e say, therefore, that ^ inch Is 
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the great est^ possible error that can ^r'Qsult from using 5 inches 
as the true length of THR* You should see that the greatest 
possible error Is always half of the Precision, 

Exercises iJ::^ 

1* Draw the longest possible segment that would be measured as 
5 Inches If you were measuring to t^e nearest Inch* Draw the 
shortest possible segment. 

2. What could be the true length of ^^e longest segment? the 
shortest? 

3. What Is the greatest possible dlffej;,ence between the true 
lengths of the two segments and 5 inches? 

k. Draw the longest ^nd the shortest Segments that you would 
measure as 2^ Inches, If you Wei*^ using only half-inch 
subdivisions . 

5. What could be the crue length of your longest segment? the 
shortest . 

6. What could be the greatest possible difference between the 
true lengths of the segments described In Problem 4, and 
2^ inches? 

7. Draw a segment 2 Inches long and divide It so that can 
be used to show a precision of Inch. 

8. Draw a segment 2 Inches long and ^^ivlde It so it can be 
used to show a greatest possible ^^^or of ^ Inch* 
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9. Measure the length and width of each of these figures to 
(1) the nearest ^ Ifich; (2) the nearest ^ Inch; and 

(3) the nearest Inch. In each case give the greatest 

possible error. 



'A 



c . 



d. 



11-4. Perimeter and Rectangles . 

The total length of a simple closed ciirve Is called the 
perlmeoor of the curve. If the simple closed curve Is made up 
of line segments, then the curve Is called a polygon . The seg- 
ments of which a polygon Is made up are called the sides of the 
polygon. The perimeter ox a polygon Is therefore the sum of the 
lengths of Its sides. You have already worked several problems 
In which you measured the perimeters of polygons. 

A rectangle Is a special kind of polygon; It has k sides 
and all of Its corners are ^ "square" . Sides of a rectangle which 
do not Intersect are called opposite sides. Sides which do Inter- 
sect are called adjacent sides. 
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Exercises ll-4a 
(Class Discussion) 

For each of the following figures name the vertex at each 
"square" comer. 




2. Which of the figures In Problem 1 are rectangles? — ^ 

5. Find the perimeters of each of the figures In Problem 1, 
making your measurements with ^ - Inch precision. 

4. In figure (c) of Problem 1, whlcn side of the rectangle Is 
opposite ? Measure the sides of this rectangle again. 
How do the lengths of the opposite sides compare? 

5« The cover of this book 1b rectangular in shape. Measure the 
lengths of its sides. How do the measures of the opposite 
sides compare? 

6. What do you think is probably true about the opposite sides 
of a rectangle? 

22 
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In Problem 6 you probably came to the conclusion that 
opposite sides of a rectangle have equal lengths, (At least 
this is the conclusion you were supposed to reach.) This Is 
:E^lways true. This makes It possible to find the perimeter of a 
rectangle by measuring only two sides. That Is, If two adjacent 
sides of a rectangle have measures ^ and Txr , 

JL 



JL 

then the measure of the perimeter Is ^ +z^4v/+u^or 2 2 -z^. 

If p is the measure of the perimeter, then 

p = 2 + 2 -T^^. 

or 

p = 2 • 



Exercises ll-4b 

A school playground Is In the shape of a rectangle 400 ft. 
long and 200 ft. wide. Make a drawing to represent the 
playground. What Is the total length of the fence around It? 

If fencing cost $5 a yard, how much did the fence of Problem 
1 cost? 

A carpenter is nailing picture molding around a room which has 
a length of 15 ft. and a width of 10 ft. How much mold- 
ing does he need? Express the answer In feet, and then In 
yards. 

The carpenter of Problem 5 Is also Installing a baseboard 
around the room. Ke notices ttiat the room has four docrways, 
and that each doorway Is ft. wide. Since he does net put 
baseboard across the doorways, now many feet of baseboard 
does he need? {Does it matter where the doorways are :Locat;^d?) 
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5. A boy has 2h feet of wire fence to make a rectangular pen 
for^hls pet rabbit. He plans to use all the fence In making 
the pen, 

a. Can he make a pen 12 ft. long and 12 ft. wide? Why 
or why not? 

. b. Can he make a pen 8 ft. long and 3 ft. wide? 

c. How about 8 ft. long and 4 ft. wide? 

d. Give five examples of lengths and widths he can use for 
his pen. (Use only whole numbers for lengths anc widths.) 

6. A girl Is decorating for a party. She has 5 tables, each 
28 Inches wide and 42 inches long, and she wants to put a 
strip of crepe paper around the edge of each table. 

a. How many Inches of crepe paper are needed? 

b. How many yards of crepe paper are needed? 

7. A Fourth of July parade Is to follow the route shown by the 
arrows, starting at S. The squares represent city blocks, 



L 



8. 



In this city each block is ^ mile on a side. 

a. What is the total length of the parade route? 

b. If the decorations along the parade route cost about 
$250 a mile, what was the approximate total cost of the 
decorations? 

c. In the parade one man got tired, and from point T, he 
sneaked back to S by the route shown by the dotted lines. 

How far did he travel? 

How much distance did he save? 

A farmer found that it took 240 feet of fence to go around 
his rectangular farmyard'. He noticed that one of the sides 
was 40 feet long. Find the length of each of the other 
sides. 
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11-5. Metric Units of Length , 

The metric system Is the measuring system used In most of 
the countries of the world. It Is not the common system of the 
United States and other co\intrles where English Is the principal 
language, but even In these countries use of the metric system Is 
Increasing. Lec us see how measurement with metric units Is done. 

The meter Is the principal metric unit of length. It Is a 
little longer than a yard (39.37 Inches), It Is a very convenient 
unit for measuring the lengths which we usually express In yards. 
In all track and field meets where athletes from several countries 
take part, distances are measured In meters. 

When short lengths are measured, or when a more precise 
measurement Is required, a unit smaller than the meter Is needed. 
The most convenient unit Is found by dividing a meter- Into 100 
equal s.egments. Each of these units Is called a centimeter 
(abbreviated cm^ . Most of the rulers that you buy have centi- 
meters marked along one edge. You should have one of these 



•rulers to use. 



j Inches 2 3 

J I L_ 



I 2 3 4 

tr n I [ 1 1 1 1 1 1 n i ; 1 1 • I I L_ 



Centimeters 

If you examine such a ruler you will see that a centimeter 
Is a little less than half an Inch. You will also find that each 
centimeter is divided into ten parts, rather than 4, 8, or l6, 
as is done with inches. Parts of a centimeter can therefore be 
named by numerals, with a decimal point as well as by common frac- 
tions. 

Measure below to the nearest centimeter and to the 

nearest .1 cm.^ You should find that the length of RX ^ cm., 
or w 9.3 cm. 
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Exercises ll-5a . 

!• Draw segments ^of the following lengths, making yoiir drawings 
as precise aj the marks on your rular permit: 

a. 4 cm. c. 2 cm. 

b. 6 cm. d. 7 cn. 

2. Measure the length and the width of the cover of your*^book. 
Measure each to the nearest centimeter and to the nearest .1 cm. 

3. Measure the boundary line of each of the figures below. 
Measure each segment to the nearest centimeter and to the 
nearest .1 cm. When you record your measurements, r(jmember 
that the symbol "« " should be used to show that these 
measurements are approximate. 

C 



D 
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Express the following as a number of centimeters, using the 
basic fact that 1 meter = 100 om^ : 

tt. 2 meters e. .6 meters 

b. 7 meters f. .05 meters 

c* 6.5 meters g. .32 meters 

d. 1.2 meters • h. 1.28 meters 

5; How. many meters are In a segment of each of these lengths? 

a. 300 cm. e. 50 cm. 

b. 700 cm. f. 450 cm. 
c* 256 cm. g. 75 cm. 
d. 185 cm. h. 8 cm. 

■ In Problem 2, above, you measured segments with a precision 
of .1 cm. The name of this very small unit Is a "millimeter". 
'A millimeter Is ^ of a centimeter, which Is' of a meter. 

Therefore, a millimeter Is ^ of , or of a meter. 

"Millimeter" Is abbreviated "mm" and "meter" Is abbreviated 

"M". The facts you now know about metric \inlts are In the 
table below. 

1 cm. = M. -or 1 meter = 100 cm. 

'1 mm. = yjj cm. or 1 cm. = 10 min. 

1 mm. = 37J5fj or 1 meter = 1000 mm. 

The fractions above can be expressed In decimal form If 
that Is preferred. 

We often use ml^lllmeters In describing precise measurements. 
You may be familiar with a camera that uses 16 mm. or 35 nim. 
film. Airplane rockets and other artillery weapons are measured 
in millimeters. 
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Exercises ll-5b 
(Class Discussion) 

!• Draw segments of the lengths below. You will need to have a 
very sharp pencil and to mark very accurately in using such 
small units, 

a. 20 mm. e. 8l mm. 

b. 50 mm. f . 105 mm. 

c. 70 mm. g. 16 mm. 

d. 35 mm. h. _58 mm. 

2. Exchange papers with a classmate and check the segments of 
Problem 1. 

Exercises ll-^c 



Measure 


In millimeters each segment of the figures 


In 


Problem 


3, Exercises ll-5a. 






Express 


these 


lengths In millimeters: 




a. 3 


cm. 


e. 


115 cm. 




b. 12 


cm. 


f . 


17.^^ cm. 




c. 2.8 


cm. 




1 meter 




d. 6.3 


cm. 


h. 


3 .5 meters 




Express 


these 


lengths In the units 


called for: 




a. kO 


mm. = 


cm. 


156 mm. = 


cm. 


b. 100 


mm. = 


cm. f . 


2000 mm. = 


cm. 


c. 100 


mm. = 


M. g. 


2000 mm. = 


M. 


d. 52 


mm. = 


cm. h. 


204 mm. = 


cm. 



11-6. Summary . 

1. Segments having the same length are isald to be congruent. 

2. Measurement of length may be thought of as a process of 
"filling" a segment with unit segments. 

3. When a unit segment Is chosen we may use it to construct a 
number line called a ruler which we compare with other seg- 
ments to determine their lengths. 

28 



OP 



4. 'The choice of a unit of length is entirely arbitrary, but In 
practice It is necessary to have standard units which are 
familiar to large groups of people. 

5« The official standard units of length in America and England 
are the English units; inch, foot, yard, mile. The official 
standard units in most of the rest of the world are metric 
units; millimeter, centimeter, meter, kilometer. 

6. Measurement is approximate, not exact; and when possible, 
the precision or greatest possible ex'ror in a measurement 
should be shown. 

7. The symbol means "approximately equal to". 

8. A polygon is a simple closed curve which is a union of- 
segments. 

9. The perimeter of a polygon' is the sum of the lengths of the 
sides. 

10. A rectangle is a polygon having four sides and all corners 
"square". 

11. If and uM- are the measures of the lengths of two sides 
of a rectangle which meet at a corner, then the measure of 
the length of the perimeter, p, is given by: 

p = 2 -^4-2 



11-7 • Chapter Review . 

Exercises 11-7 

1. Name six units of linear measure. 

2. Name four standard units that are not linear units of measure, 

3. Complete: If the length of a segment is correctly stated to 

be 3^ inches. Its actual length might be as short as 

or as, long as . 
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4. What Is the perimeter of the following simple closed curves? 
a. b.. c. 



la- 



s' 



8' 



18' 




"lb 



5. When you measure to the nearest ^ Inch, what Is the greatest 
possible error?' 



A 



B 



C 



0 



8 



» I ' \ » I • t ' 

10 II 12 



6. 
7. 
8. 

9. 

10. 



The ruler above measures to the nearest 
How many units are contained In S5 ? 
How many units are contained In BC ? 
How many units are contained In ^ ? 



of a unit. 




Find the perimeter of ABC 
using 

a. a ruler which measures 
to of an Inch. 

b. a ruler which measures 
to of a centimeter. 
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11-8. Ciunulatlve Review . 

Exercises 11-8 

1. Use the distributive property to rewrite each of the following. 

a. 9 • (5 + 2) 

- b. (7 + 11) • 6 

2. Are the following sets closed under addition? 

a. (2,4,6,8,10,...} 

b. (7,1^,21,28,35) 

5. Copy and replace the ? by < or > ./hlchever Is correct. 

- a. 6 ? 8 

b. ^ 

c. ^ ? It 

4. In which base is 203152^ written? 

a. Base five 

b. Base ten 

c. Could be any base less than 5* 

d. Could be any base greater than 5. 

5. \ Which numeral represents ohe largest number? 
>• 28^en 

^* ^^twelve 

6. ^ In the diagram on the right 

a.. How many planes contain 
\ point D ? Name them. 

\.b. How many planes contain 
7[7'? Name them. 
c.\ What is 5?nM ? 
' d. ^Are CA and AD In the 
same plane? State the 
property that says this. 
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7. , 

A BCD t F 



j ' ' ' i ' ' ' j ' ' ' I ' ' ' j ' ' ' I ' < I j i I I [ 1 I I j - 

3 4 5 6 7 



How long Is each segment? Measure to the nearest Inch. 

a. 15 d. JE 

b. W e. JP 

c. SB f. 

8, Pelrfortn the Indicated operations and simplify. 

a. 5|.4 ' ^- ^-^i 

b. 1-^ + 2| ®- 5§ - 2§ 
C. ^2^ + 1+ 1^ f. lix| 

9. Write a complete factorization of 66. 

10. Vflilch of the statements below Is not true? 

a. If a nian^ber Is divisible by 3 and 5 then It Is also 
divisible by 15. 

b. A multiple of 6 must be an even number. 

c. The niunber 47 Is a composite number. 

11. If a TV antenna tower has a shadow 275 feet long when a 
6-foot man's shadow Is I5 feet long, find the height of 
the tower. 

12. Joan reduced her weight during the summer from 150 pounds 
to 120 pounds. What was the percent of decrease? 
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Chapttf'r 12' 
AREA AND^ifOLUME 

12-1, Meaning of Area. 

In Chapter 11 you learned how to measure the length or a 
segment. In ::hls chapter you will learn how to measure a closed 
region. You recall that the Interior of a simple closed curve 
together vrLth-lts boundary Is called a closed region. Consider 
the closed regions shown jelow. 





\ 

We may compare the size of tte clospcl -Region B with the 
size of the closed region A by cutting out a copy of closed 
region B and placing It on a Xiopy of closed region A, It Is 
clear that closed region B would fit Into closed region A 



with something to spare, 
than the area of B. 



We say that the >area of 



Is larger 



Exercises 12-1 



In connection with the closed regions shown below, complete 
the following sentences using one of the symbols >, or <, 
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a. area of closed region 

b. area of closed region 

c. area of closed region 
V d, area of closed region 

e. area of closed region 

2» Make several cardboard copies of fiSUre A and use them to 
compare the areas of the other five closed regions. Do this 
by finding the approximate number of copies of figure A 
Which are necessary to cover each of the other figures. List 
them in order of size, beginning wi^h the largest area. 




In Problem 2 you have seen that yo^ can compare the areas 
or closed regions by finding how many tii^es the closed region A 
is contained in the other closed region^. Thus, we may use a 
single closed region to make our comparisons. This simple closed 
region, a, may be considered our unit of ^pea. 



A area of 

B ^ area of 

C area of 

D area of 

C ^ area of 



closed region B 

closed region D 

closed region B 

closed region A 

closed region A 
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3. The measure of the. area of figure R.. below Is 1 unit. 

Make a copy of figure R .'and use It to measure the areas of 
the other four figures approximately. 




The closed region R represento 
the floor of a room. We wish to 
measure the area of this floor. 
Which of the following closed 
regions may be conveniently used 
as a unit of area. In your opinion? 
Give a reason for your answer. 







If you were 
one would you prel 



to make a selection of one of these units, which 
!r? Why? 
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5. Draw a triangle ABC. On each side of the triangle locate 
point which divides the side into two congruent segments. 
Name, these points' D, E, and P, as shov/n In the diagram 
below. Draw EE, W, and W. 



B 




F 

/ 



a. Make a cardboard model of the triangular closed region 
ADP. Use your model of triangle ADP as a unit of 
area and find the areas of the followl/)g closed regions. 

DEP, ABC, DECP, and ADEC. 

b. Make a cardboard model of the closed region APED. Use 
your model of the closed region APED to find other 
closed regions which have the same area as the closed 
region APED. 



12-2. Cutting Units of Area . 

You have seen that the size of a segment may be found by 
measuring. In measuring segments, you used anov^.her segment as 
a unit of measure. Similarly, In measuring the area of a closed 
region you used another closed region as a unit. When you 
measure the area of a closed region, the unit that you use may 
not fit Into the area of the closed region a whole number of 
times. Some of this region may remain uncovered around the 
edges of the measuring units. The part left over may not be 
shaped so that you can fit any more whole units on It. 
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In measuring the area of the shaded region below using the 
unshaded rectangular region as unit. 




you can place, units on the shaded region and find that part, of 
the shaded region Is not covered. 




We can deal with this situation by cutting one of our units 
along the Indicated lines and placing these pieces on the border 
as shown. 



A 


B 


C 


D 








F 








G 








H 



One of the parts (the one labeled E) was left over. The 
area of the shaded region Is therefore a little less than 
4 units. 



/ 
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In doing this patchwork you must be careful to cut only one 
vnlt at a time. Be sure to use. all the plecies of one unit before 
you cut, the next one. Can you explain why? ^^^''^ 



2. 



Exercises . 12-2 

Using your notebook sheets as units, find the area of the 
top of your desk. Your unit may not fit Into the top of 
your desk a whole number of times, in this case, cut up 
additional vmlts and find the approximate area. 

Find the approximate area of the closed region on the left by 
using the area of the closed region on the right as a unit. 
Make several cardboard models of the unit closed region so 
that you can cut up your area units to cover the area of the 
closed region on the left completely. 





uniT 



12-3 • Area of a Rectangle , 

In Chapter 11 you learned that a rectangle is a simple 
closed curve made up of four line segments with all corners 
"square,'* A rectangular region Is a region consisting of a 
rectangle and Its Interior, In , speaking of areas of rectangular 
regions we shall say "area of the rectangle" for short. 

In previous sections you have used a number of different 
closed regions as units of area. The most convenient choice for 
a unit of area Is a square closed region whose side is one unit 
of length. The reason that this choice Is so convenient Is that 
our unit of area Is thus related to our unit of length. 
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If we are tislng the inch as a unit of length, then the 
corresponding tinlt of area Is the square region shown below. 




The name of this unit Is the square inch. You should be able to 
see what Is meant by a square foot, sqixare yard, square centlmetei 
squaiNs. mile, or In fact, square unit for any unit of length. 

If a rectangle Is 6 units long and 3 units wide, then 
the rectangular region can be covered by square \irilts as shown. 
The measure of the area of the rectangle Is then the number of 
^square units used in the covering. 



3i 



6 

Is there an easier way to get the number of squares than by 
counting them? How can you do It? 

If you cotinted by noting that each row has six squares and 
that there are three rows, you obtained the nuinber of square 
units A In the area by writing 

A = 3 X 6 
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ir you counted by "saying that there are three squares In 



each column and six columns, you obtained: 
^' • ► A = 6 X 3 



Of course, these numbers are the same. What property of multi- 
plication Is Illustrated by 3 • 6 = 6 - 3 ? 

We- see now why the square unit Is so convenient In measuring' 
area. If the lengths of the sides of a rectangle are whole 
numbers of units, then the measure of the area of the rectangle 
In the corresponding square units Is simply the product of the 
meas\ires of the, sides. 

In practice It. Is very likely that the lengths of the sides 
of many rectangles will not be whole numbers of units. Suppose, 
for Instance, that the length Is 3 Inches and the width Is 2^ 
Inches. You can easily fit In six of the square Inch units but 
you are left with a border, as shown In the shaded area below. 




;In .oyder to fill the border, take a unit square and divide it 
:4Lnto smaller squares as shown: 



1 
2 



J\ 
2 



How many of the small squares are needed to cover the area of the 
large square? / Do you agree that each small square by 2-") Is 
^ of a square Inch? 

Now, consider the border alone. How many of these small 
squares are needed to fill the border? 



Do you see that you need six of these small squares to fill the 
border? 

Thus, the area of the rectangle Is 

6 + (6)(^) 

.. 6 n- l| = 7^ ' 

The area of the rectangle Is 7^ square Inches. 

You may obtain the same result by dividing the entire figure 
Int^ small squares by as shown below. 
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Since you have 6 columns with 5 small squares In each 
column you have 6 X 5> or 50 small squares. This Is equlva- 

■ lent .to (^0){'^), or 7^ square inches. Can yqu obtain the 
area of this rectangle without using the diagram? Explain how 

. this can be done. 

' ' Exercises 12 --5a 

1-. Find the area of a rectangle Inches long and 5^ laches 

wide, as follows: 

\ • ■ ■ . 

a. . Draw/'the rectangle on your paper. 
• "b. Fit In as many whole square Inch units as you can. 
How mahy did you fit In? 

c. What are the dimensions of the squares that you will need 
to use In filling in the border? Make a drawing of this 
square. 

d. How many of these smaller squares will you need In order 
to fill the border? How many square Inches are there In 
the border? 

e. What Is the total area of the rectangle? 

f . Find the area of the rectangle by dividing It Into the 
smaller squares that you used In finding the area of 
the border. 

g. You know how to find by computation the area of ^ 
rectangle In which the measures of the sides are whole 
numbers. Show that the same method applies for this 
rectangle where the measures are not whole numbers . 

2. Find the area of a rectangle 5^ Inches long and 2^- Inches 
wide. Use the same procediire as you followed In Problem 1. 

*5. Using the method you used In Problem 2, find the area of a 

1 2 

rectangle whose length and width are inches and 4j 

inches! In this case, you may find it easier to cut the 
unit square inch into rectangles Instead of squares . by 
making two divisions horizontally and three vertically as 
shown. 
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:^ • ^ If the eirea of gach small rectangle Is y square Inches, 
^ you know that 6 • y = 1. What is the area of each small 
x?«c tangle? _ . ' 

Uhen you wish to find the area of a rectangle, the lengths 
Of whose sides are not whole number units, it is inconvenient to 
/ lase the diagrammatic method of the last few examples. Let us 
examine the results obtained, above and look for a simpler method 



LENGTH 


WIDTH 




AJIEA 


6" 


3" 


18 


square inches 


3" 






square inches 




5? 




square inches 








square inches 


. 


1,2 II 


'4 


square inches 



each case above, multiply the number of units in the length 
by the number of units in the width. Do you find that the 
product corresponds to the area, as shown in the third column? 
We can now state the following conclusion: 

If A is the number of square units in the area of a rectangle, 
and and w stand for the number of linear units in the 
length^aM width of the rectangle, then A = J * w. 
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In the .isxercises below you will use ?tandard units and their 
relations. A list of some of the relatlor.'^ which you studied In 
Chapter 11 may be helpful. 

12 Inches = 1 foot 

3 feet ^ 1 yard 

' 36 Inches = 1 yard 

■. ■ " ,1 

Exercises 12 -3b 

1. * a. On wrapping paper draw a sketch representing a sqtere 

i foot long and 1 foot wide. 

b. Along one side mark off distances representing 1 inch. 

c. Along the other side mark off distances representing 

d. Use your sketch to find the number of squjare inches in 
one square foob. 

2. Use a procedure similar to the procedure in Problem 1 to 
determine the number of square feet in a square yard. 

3. a. Draw a square 3 inches on a side. 

b. Draw a rectangle whose area is 3 square inches. 

c. Which is larger? By how many square inches? 

k» a. Draw a rectangle which is 2 inches long and which has 
an area of 1 square inch. 

b. Draw a rectangle which is h inches long and which has 
an area of 1 square inch. 

c. How many different rectangles of area 1 square inch 
can you draw? 

5. A living room rug is 12 feet long and 9 feet wide. 

a. Find the area of the rug in square feet. 

b. Find the area of the rug in square yards. 

6. A baseball diamond is a square, QO feet on a side. Find the 
area of this diamond both in square feet and in square yards. 

7. The diamond used in softball is a square feet on a side. 
Is this area more than or less than half the area of a 
baseball diamond? (See Problem 6.) 
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8/ Use the sentence A w to find A If 

a. - 9 Inches, w - 7 Inches 
^ = llj- Inches, w 6 Inches 

c. "'5^ Inches, w = il^- Inches 

(!• ^ =7^ Inches, w 6^ Inches 

= 9^ Inches, w = J^- Inches 

9. A square is 10 millimeters on a side. 

a. Find the area of the square in square millimeters. 

b. .Express your answer in square centimeters. 

10. Measure in centimeters the length and width of the rectangle 
below. 

a. The length is ^ cm. 

b. The width is : cm. 
c» The area is square cm. 




11. Repeat Problem 10, but measure the length and width in 
millimeters. 

a. The length is ^ mm. 

b. The width is mm. 

c. The area is square mm. 

12. Two rectangles are placed together as snown, to form a larger 
rectangle. The number of linear units in the sides is 
indicated. 




a. pind the area of the small rectangle on the left. 

b. Find the area of the small -rectangle on the right. 

c. Find the area of the large rectangle. 

d. Is the area of the large' rectangle equal to the sxim of 
the areas of the two smaller rectangles? 

e. Show how this. equality Illustrates the distributive 
property. 

15. A rectangle is 5 units long and 2 units wide. ^ 

a. If another X'ectangle Is twice as long but has the same 

' width, how do the areas, of the two rectangles compare? 

- ., ^ 

b. Draw a figure illustrating yo\ir answer. 

c. Do the same if the new rectangle has the same length as 
the original but has tv/ice the width* 

Do the conclusions reached in Problem 1'3 depend upon the 
particular meastires 3 and 2 ? 

a. Write a statement telling the effect on the area of any 
rectangle if you double the length. * 

b. Write a statement telling the effect on the area of any 
\ rectangle if you double the width. 

1^. If a rectangle has a length of 3 units and a width of 2 
\ units, what is. the effect on the area of doubling both 
\length and width? 

a\ Draw a figure to illustrate your conclusion. 

b.^ Write a statement telling the effect on the area of 

doubling both the length and the width of any rectangle, 

16. In the rectangles of Problem 15 > what is the ratio of the 
larger perimeter to the smaller perimeter? 

*17. The outside length of a picture frame is 20 . inches and 
the outside width of the frame is 12 inches. If the 
dimensions of the picture are IH" by 8", find the area 
of the frame. 
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12-^. i,pproximatlon > 

In your work so far you have assumed that measurements of 
the sides of rectangles are exact. Actually, this Is almost 
never the case becau iio measurement can made exactly. If 
you measure a rectangle and find measurements of J^- Inches and 
2^ Inches, you should use the "approximately equal" symbol and 
v;rlte -^w 2-^ aj';a therefore: 

A = 

A « (5^) (2^) 
A « (^)(|) 

A « &^ 

Since / Is the number of square Inches, we find that the 
area Is ap];);?oxlmately 8yg- sqiiare Inches. 

A statement concerning a measured quantity should Indicate 
that It Is only approximate, and not an exact measure. 

Exercises 12-4 

Use the « sign In connection with numbers representing 
measured quantities. 

1. Measure the length and width of the top of your desk to the 
nearest half Inch. 

a. Find the -number of square Inches In the area. 

b. What Is the perimeter? 

2. A section of chalkboard Is about 5 feet long and 3^ feet 
wide. 

a. Find the area. Express the answer in square feet and 
square yards. 

b. Find the perimeter arA express it in feet, ar>J yards. 

If a oarage floor is mea.?urj:.^ to be l8 feet by 22 feet 

a. Find the area of the garage floor. 

b. B^ind the cost of laying a concrete floor at 60 cents 
a square foot. 

i+7 r- ' ■ 
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A rectangular field is located at the Intersection of two 



perpendicular roada. The 
length and vrLdth are 
measured as approximately 
^ mile and mile. 
Find the area of the field. 
Express the result In square 
miles . 



J L. 



10 



Ml. 



5. A rectangular lawn is fou ) to be 8h 'feet by 50 feet. 
The lawn Is to be seeded with grass. The directions on the 
box of grass seed say that one pound of seed Is enough for 

iJOO square feet. How many poionds of grass seed are necessary? 

6. A bathroom floor Is tiled with small tiles which are one Inch 
squares . The floor contains 32^0 of these tiles . 

a. What Is the area of the floor In square Inches? 

b. What Is the area of the floor In square feet? 

7. A boy*s room Is In the shape of a rectangle. The length and 
width are measured as I5 feet and 12 feet. There is a 
closet 3 feet long and 



3 feet wide built in one 
corner, as shown in the 
floor plan. What is the 
floor area of the room 
(not counting the closet)? 



CLOSET 



3 FT 



3 FT 



1 



12 FT 



FT 



An attic is in tae sJ^ape of a rectangle with measi ^ments of 
30 feet by 20 feet. There is an opening in the floor as 
shown where the stairway comes up. ( 

a. Find the floor area of ! 
the attic. 

b. Does it matter in figuring 



20 FT 



area, whe.'^e the opening for 

the staJrs Is placed? 



STAIRS 

!0 FT. 



■ T 



30 FT 
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♦9. A rectangular sheet of metal is measured to be 10" by 8" 
with l" precision. 

a. What is the smallest possible measure of the true ^^idth? 

What is the smallest possible measure or the true length? 

c. Wl-iat is the largest possible measure of the true width? 

d. What is the largest possible measure of the true length? 
e* V/hat is the smallest possible measure of the true area? 
f. V/hat is the largest possible measure of the true area? 



12-5. Rectangular Prism . 

We call a figure like a ciiaik box a re gtangulax ; prism . The 
rectangular prism xS a familiar figure and you c-^n find many 
examples. Your classroom is probably one example. Name as many 
examples as you can. 

When you walk across the classroom floor you are moving in 
the interior of the rectangular^ prism of your classroom, if your 
room has this r'hape. l^t us exnmlne .'-uch a prism. Note that the 
prism has a certain number of surface.;. These are called its 
faces. How many faces does a rectangular prism have? 'A^iat kind 
of figure is represented by each oV the faces? Notice that each 
of the faces lie:; 1 n ^ i'Of eacii face of the prism there 

is just one other- face trat ioer not meet it. ouch a pair of 
faces are called opposite f aces . Opposite faces actually lie lu 
parallel : ' -^o^:. How many pairs of opposite face- are there? 
Identify tn.: pairs of opposite faces in yo'^^^ class roorr.. vnydz can 
you say about the shape of tv;o opposite faces? Iiov/ do you know? 
Faces which intense:" '^r'S called ad,'ncent face;;. V/hat Is the 
intersect.' of tv;o adjac'-rMt face.;? What the intersection of 
three faces? 
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Exercises 12-5 

1. Name two opposite faces of 
the rectangular prism, ^ 

2. Name two adjacent faces of 
the rectangular prism. 

5. Two faces which are not g 
opposite Intersect In points 
that lie on a line. These 
segments are called edges of 
the prism. 

a. - Name three edges of the prism. 

b. How many edges does a rectangular prism have? 

4. Name a set of equal edges. 

5. Wiere are certain points on the prism where three faces 
Intersect. These points are called vertices of the prism, 
a. Name three vertices of the prism. 

How many vertices does a rectangular prism have? 

The parallel edgea of a rectangular prism have same 
length. Ttiere can )be at most three different lengths for the 
edges of a rectang^lar^jir!4s.m. In the figure,, the number of 
units In the lengths of thre^ edges have been marked. Tell 
the number of units in thd-.I^ngth of each of zhe other nine 
edges . 

Use paper or light cardboard to make a model of a rectangular 
prism. Use the pattern below. The dotted lines show where 
to make the folds. The flaps are needed to permit you to 
paste the model together- 
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12-6. Area of Prism. 

The lengti s of the edges In the three possible directions 
are often cal'^^ed the length , width , and height of the prism, iiow 
do the oppos-'t^ faces compare In area? Slnce*all the faces are 
rectangular regions, it Is easy to find the areas of the faces 
The sum of th^j areas of all the faces Is called the surface area 
of the rectangular prism. 

Using ti:e number of units marked as lengths on the three 
edges, find the surface area of the rectangular prism shown in 
the figure above. 

If A is the number of square units in the surface area of 
a rectangular' prism, ^ the number of linear units in the length, 
w the number of linear units in the v;idth, and h tht: number 
of linear units in the height; then 

A = 2 - ^ 



w + 2 • _^ • h + 2 



w 



h 
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Exercises 12-6 

Find the surface area of the rectangular pri^m for which the 
'length Is 7 inches, the width Is 5 Inches, and the 
height Is 4 Inches. 

A housewife has a cake tin In the shape of a rectangular 
prism (without a top). The tin is 10 Inches long, 8 Inches 
wide, and 2 Inches deep. When she bakes a cake, she lines 
the pan with wax paper. About how many square Inches of wax 
paper are needed to cover the inside of the tin? 

A classroom wall is 50 feet by 10 feet. On this wall is 
a chalkboard 20 feet long and 5^ feet high. The wall, 
except for the chalkboard. Is to be painted. What is the 
approximate area to be painted? Express the answer in square 
feet , then in square yards . 

An incubator for hatching eggs is in the shape of a rectangula 
prism 20 inches long, 10 inches wide, and 15 inches high. 
The top is made of glass (irdicated by the shading). 




15 IN. 



20 IH 

The sides and bottom are made of wood. What is the area of 
the piece of glass used? What is the area of the outside 
of the wooden box? Express your answers both Ir 5:.:jare 
inches ai.^ in square feet . 

A room is ±3 feet long, 12 feet wide, and Q feet high. 

a. How many squares of tile, each 12 Inches by 12 Inches, 
will be needed to tile the floor? 

b. How many tiles will be needed if each is 6 inches by 
6 inches ? 
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6, In the room of Problem 5 there are five windows In the walls, 
each 3 feet wide and 6 feet hl^rh. How much wall surface 
Is there, not counting the windows? (Does It matter where 
the windows are placed?) 

• 7* In Problem 6 how many quarts of paint are necessary to paint 
these walls?' A quart of paint will cover 132 .'square feet. 

8. A trunk Is 3 feet long^ 18 Inches wide, and 2 feet 
high. The edges are oound v;lth strips of brass. How 
much brass stripping is necessary? Express, the answer in 
inches, in feet, and in yards. 

9. A cube is a rectangular prism all the edges of which are 
equal in length. 

a. What is the shape of each face of a cube? 

b. How many square inches of wood are needed to make a 
cubical box, including lid, with edges of 18 inches 
each? 

c. Express your answer in square feet. 

♦10. I-et ^ , w, h stand for the numbers of units in the length, 
width, and height of an aquarium in the form of a rectan- 
gular prism. Write a number sentence telling how to find 
the number S of square units in the surface area if the 
aquarium is open at the top. 



12-7. Meaning of Volome . 

The term rectangular solid will be used to refer to the set 
of points consisting of a rectangular prism and its interior. 

Do you recall that you were able to find the area of a 
rectangle ^ust by working v;ith its length and width? Do you 
agree, then, that it would also be useful If you had a way of 
finding the volume of a rectangular solid by working with its 
length, width, and height? First, it is necessary to agree on 
a unit of volume. The usual choice for a unit of volume is a 
cube. A ;.*ube is a rectangular prism for which all the edges 
have the same length. Would this have been your choice, or 
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would 'you have chosen something else? What size cube would you 
suggest? (Remember that we chose a 1-lnch square as our unit of 
area.) 

The usu?il choice Is a cube, each edge of which Is a unit of 
length. In this case what can be said about the size of the 
faces? It Is the neat relationship between the units of volume, 
area, and length which makes It easy for us to compute volume. 
If we choose to Tr easure lengths In Inches, then the unit of volume 
is a cube, each ^dge of v/hlch Is 1 Inch. The unit of measure of 
this cube Is called a cubic Inc h. 
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1. Describe and nam? c.^ le: st two other units of volume. 

2. Make a model out c.-^ pap:-^ cr light cardboard of a one-Inch 
cube using the pattern helow. The dotted lines show where 
to make your folds. The flaps are needed to paste the model 
together. \ 
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>. Obtain some small cubic blocks and think of the edge as a 
unit of length. Put these cubes together to form a rectan- 
gular solid 4 units by 3 units by 2 units. How many 
blocks did It t€Lke? (You and your classmates may put your 
model cubic inches together for this.) 

a. Use small cubic blocks to make a so] id 3 units by 
2 units by 2 units. 

b. Make a rectangular solid with the length twice as long as 
m part (a) but the height and width the same. 

(6 by 2 by 2) 

. .-^^-.-Make-.a_ solid, with .the vridth twice as long as the original 

but the other measures the same. (3 by k by 2) 

d. Make a solid with the height twice as long as the 
original but the other measures the same. (3 by 2 by 4) 

e. Compare the number of cubes In parts (b) , (c), and (d) 
with the number of cubes In part (a). 

a. Write a statement telling what happens to the volimie of 

a rectangular solid If one of the measurements la doubled. 

b. What is the ratio of the larger volimie to the smaller? 

a. Build a solid 6 units by h units by 2 units. Notice 
that both the length and the width of the prism in 4(a) 
are doubled. 

b. Find the ratio of the nimiber of cubes In the new solid 
to the number of cubes In the original, 

c. Would you get the same ratio If you doubled a different 
pair of measu^^ements? 

Write a statement telling what hd^^nens to the volimie of a 
rectangular solid if tv/o of the measurements are doubled , 

a. Double each measurement of the solid In Problem ' v^) and 
construct a rectangular prism- (6 units by 4 units 
by k units.) 

b. Compare the number of cubes In this solid to the nimiber 
In tl.e original solid . 
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9, a. Write a statement telling what happens to the volume of a 
rectangular solid if all three measurements are doubled, 
b. State the ratio of the larger volume to the smaller volume. 



12-8. Volume of a Rectangular Solid . 




We know how to find the area of any face of a rectangular 
prism. Let us imagine we have found the area of the face on 
which the solid is shown to be i^esting. Suppose the area of 
this bottom face (often called' the base) is 12 square units. 
If the base consists of 12 unit squares, let us place a unit 
cube on each of these squares. These unit cubes fill up a 
layer one unit thick covering the bottom of the solid. Since 
there are 12 such cubes, the' voliame of the layer is 12 cubic 
vinits. You saw examples of such layers in the pvoblems in the 
last section. Since the top of the layer is ju?.t like the bottom, 
a second layer can be placed on the first. A third layer can 
also be placed on the second. Suppose the height of the solid is 
5 units. Then it will be exactly filled by 3 layers. The 
total number of cubes may be found by multiplying 12 by 3 
since there are 3 layers with 12 cubes in each layer. We 
need 36 cubes to fill this solid. Since each cube measures 1 
cubic unit, the volume of this solid is 36 cubic units. Let 
us write this statement in symbols. Suppose we let the letter 
V represent the number of units of volume, then 

V = 3 X 12 . 

V = 36. 

The volume is 36 cubic units. 
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If the height is not a counting number, such as 2^ units, 
then two layers will not fill the solid, but three layers will 
be too many. We can slice the third layer horizontally and use 
only half of this layer. The volume of the solid, then, Is 
(2^)(l2). In symbols we have 

V = (2^)(12) 

V = 50 

The volume Is JO cubic units. 

Since our measurements of length, width, and height are 
always approximate, we should actually use the "approximately 
equal" sign, w , in writing statements about measurements. 

Exercises 12-8a 

In the exercises below use the « sign where It Is 
appropriate. 

1. Find the volimie of a closet 8^ feet high If the area of 
the floor Is 10 square feet. 

2. The base of a child's sandbox Is a rectangle, and the area 
Is 24 square feet. If the box Is 10 Inches deep, find 
Its volume. 

5. a. Write a statement in words telling how to find the number 
of cubic units In a rectangular solid If you know the 
number of square units In the base and the number of 
units In the height, 
b. Suppose we let the letter B represent the number of 
square unjts In the base, h represent the number of 
units In the height, and V represent the number of 
units In the volume. Write the statement In part (a) 
In symbols, 

4. How deep should the sandbox of Problem 2 be made If the box 
is to hold k8 cubic feet? 

5. A man Is making a wooden box to hold 26o cubic feet of 
sand. In o2:>der to fit Into a certain space the box must be 
15 feet long. How many square feet of area must be y-i the 
end of the box? 
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6. Health regulations in a certalr school district say that the 
school rooms must contain 50 cubic feet of air for each 
child. >If a room has a floor area of I60 square feet and 
is 10 feet high, can the principal legally put 50 children 
In It? What Is the greatest number of children who rv.ay be 
legally assigned to this room? 

Look at the work of the last problems. Do you know In any 
of the problems the exact shape of the base? Is It necessary to 
know It? What must you know In order to find the volume of a 
rectangular solid? This procedure of finding the volume of a 
solid from the area of the base and height, without needing to 
know the exact shape of the base, will be used again when you 
consider other prisms and cylinders. 

If you know all the edges of a rectangular solid, you know 
how to find the area of the base. Then you can find the voliome. 




4 



In a rectangular solid 4 units by 3 units by 2 units, 
you probably think of the largest face as the base. The area of 
this face is 4x3 square units so the volume, by Problem 3 
above, is 2 x (4 x 3) cubic units. Notice that the number 
4x3 which is enclosed in parentheses is the number of square 
Jilts of area in the base. If you stand the solid on end, you 
can think of another face as being the base. 
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You now find that the area of the base Is 2x3 ^qiiare units 
and the volume Is 4 x (2 x 3) cubic units. Resting the prism 
on Its third face, you find that the volume Is 3 x (2 x 4) cubic 
Units. Thus, the numbers 2 x (4 x 3), 4 x (2 x 3), and 
3 X (2 X 4) express the volume of the same rectangular solid. 
Therefore, the numbers 2 x (4 x 3), 4 x (2 x 3), and 3 x (2 x 4^ 
are equal. 

Exercises 12-8b 

1. The Inside of a freezer measures 4 feet long, 3 feet wide, 
and 2 feet deep. Find the volume of the freezer. 

2. Find the number of cubic Inches in a tool chest which is 14 
Inches long, 10 Inches wide, and 9 Inches deep. 

3. The. bottom of a desk drawer can be covered with two pieces of 
typewriter paper laid end to end. (Typewriter paper is 8- 
by ,11 Inches.) The drawer is 4 Inches deep. 

.a. Find the area of the bottom of the drawer, 
b. Find the volume of the drav/er. 

4. A woman has some blankets to store. The blankets Just fit 

' Into a trunk 3 feet long, 1^ feet wide, and 2 feet high. 
How many cubic feet of space are in the trunk? 
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5. A man plans to make a sidewalk 8l feet long, 4 feet wide 
and 3 Inches thick. 

a. How many cubic feet of concrete does he need? 

b. Express your answer In cubic yards, 

6. Write a statement in words telling howV;o find the nvimber of 
cubic units in the volume of a rectangular solid if the 
nimiber of units in the length, width, and height are known. 

7. Let w, h stand for the number of units in the length, 
width and height of a rectangular solid. Let V represent 
the number of ciibic units in the voliame. Write a statement 
in symbols telling how to find the voliome of this solid* 

8. a. How many cubic inches are there in a cubic foot? 
b. How many cubic feet are in a cubic yard? 

9. a. Wh^t is the volume of a p-inch cube (a cube each edge 

of which is 3 inches) ? 
b. Is this volume larger or smaller than 3 cubic inches? 
Be very careful not to confuse the volvime of a 3-inch 
cube V'ith a volume of 3 cubic inches. 

10. A rectangular solid is 2 inches long and 1 inch wid?. The 
volume IS 1 cubic inch. 

a. ^^ake a sketch of this solid. 

b. "What is the height of the solid? 

11. A classroom is shaped like a rectangular prism. The length 
is 30 feet, the width is 28 feet, and the height is 12 
feet." 

a. Make a sketch of the classroom. 

b. Find the voluirie. 

12. A chalk box is 6 inches long, 4 inche? wide, and 5 
inches high. 

a. Make a sketch of the chalk box. 

b. Find the volume. 

c. Suppose the length, width, and height were each doubled. 
Find the ratio of the volume of this box to the volimie 
of the original box. 
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13. a. Find the volvima of a cube each edge of which Is 1^ 

Inches . 

b. Find the area of one face of this cube. 

c. Find the total area of the cube. 

d. Make a sketch^ of this cube. 

14. A swimming pool in the form of a rectangular solid is ^2 
feet long and 20 feet wide. The pool is filled with water 
to a depth of 5^ feet. How many cubic feat of water does 
the pool contain? 

Exercises 12-8c 
« — — ^.^^ 

1. A stone block In the shape of a rectangular solid has a 
volxime of ^2^ cubic yards. It weighs about 2400 lbs. 
per cubic yard. What Is Its total weight? 

2. An apartment house is built In the shape of a rectangi ar 
prism 210 feet long, 50 feet wide, and 50 feet high. 

a. How many cubic feet of space are in the building? 

b. Express the volume in cubic yards. 

3. A pirate's treasure chest was dug up and found t. be filled 
with gold. The chest was a rectangular prism 2 feet 6 
Inches long, iB inches wide, and 1 foot deep. A cubic 
foot of gold weighs 600 lbs. Could five men, each cf 
whom can lift 400 lbs., lift the chest out of the hole? 

.4. Ed has a fish tank 24 inches long, 12 inches wide, and 

14 Inches high. He fills tne tank to a height of 10 inches. 

a. How many cubic inches of water are in the tank? 

b. There are 251 cubic inches of water in one gallon. 
How many gallons of water are in the tank? 

5. A steel bar Is shaped like a rectangular prism. The bar is 
l8 inches long, tv;o-thlrds inches wide and two-thirds 
inches high. How many cubic Inches of steel are in the bar? 

6. .An aquarium has the shape of a rectangular prism. The length 

Is 40 Inches, the width is 50 inches, and the height is 
9 Inches. The tank is filled with water. One cubic foot 
of water weighs about 62.5 ^^s. How many pounds of water 
does the tank hold? 
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7. An electric fan Is advertised as moving 5575 cubic feet of 
air per minute. How long will It take the fan to move the 
air m a room 27 ft, by 25 ft, by ^0 ft.? 

8. The bricks which are used In many buildings are 8 Inches 
by h Inches by 2 Inches. How many cubic Inches of space 
does a br'-^k contain? 

9. The length, width, and height of a rectangular prism are 
measured as 10^ Inches, 5^ Inches, and 5^" Inches. 
Fir the volume from these meB,surements » 

♦10. A oandbox with a base 10 feet long and 9 f^eet wide is 

built-in a park, A dump truck carrying 155 cubic feet of 
sand Is emptied into the box. If the sand is leveled off, 
what is the depth? 

Probably the simplest possible solid is the rectangular 
prism. Of .course, we shall learn later c ^ other solids such as 
other prisms, cones, cylinders, and spheres. 




T"^langular Prism Cone Cylinder Sphere 

It is clearly a losing battle to try to consider all possible 
shapes. We can often obtain the results by adding or subtracting 
volumes we already know about. For example, suppose that in a 
room 15 feet long, 12 feet wide, and 8 feet high, a man 
builds a closet in one corner. The closet inons to the ceiling 
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like this: 



feet 


on a side. 


SO 




15 




3 




12 




3 





How can we find the volume of the remaining space in the room? 
Let us try to devise a method. 

1. Find the volume of tlie room before the closet was built. 

2. Find the volume of the closet. 

3. Now think of a way to find the x'emalnlng space after the 
closet was built. 

4. Find the volume of this space. 

Suppose we check our answers. Tlie volwe of this entire room 
Should be IkhO cubic feet. The voliame of the closet should be 
72 cubic feet. To f.-^nd the volume of the remalnln^^ space we 
simply subtract these two voliames. Therefore 

1440 - 72 = 1568 

The voliome of the remaining space is 1368 cubic feet. , 

Exercises 12->8d 
1. The floor plan of a room is as .^hovTi below. 
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How many square feet of wall-to-wall carpeting are necessary 
for the floor? What Is the volume cf the room If It Is 9 
feet high? 

2. A pantry, the floor of which Is 6 ft. by 10 ft., is 

9 ft, high. It contains a deep freeze which is 2 ft. by 
5 ft. by 7 ft. How many cubic feet of space are left in 
the room? Elxpress the arjswex" also in cubic yards. 

3. BRAINBUSTEH. Two boys were rruch interested in making flying 
models of airplanes. They made one model which flew very 
well, and decided that they wanted a rai?g;er^ model Just like 
it. They proceeded to build one by doubling all the dimen- 
sions (that is, twice the wingspread, twice the length, twice 
the height, etc.) and put in a motor with twice the power. 

To their disappointment, they found it would not fly at all. 
What was the trouble? 



12-9. Dimension . 

Consider two flies sitting side by side at a point A by 
the baseboard of a room. One of them s trying to direct the 
other to a lump of sugar which is also by the baseboard. What 
directions does he need to give? 

A 4Jt. S 

r ^ 

All he needs to say is, "Follov; the baseboard this way for 
four feet--you can't miss itj" The complete description of where 
the sugar is located by the baseboard can be given by one number. 
For this reason the edge of the room Is called one-dimensional . 
Of course, the section of baseboard followed may be a single 
segment, or may turn one or more corners, so any segment or 
simple closed curve is one-dimensional . 
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If the. luirp of sugar "^^^ is somewhere out in the middle of 
the floor, this presents more cf a problem to the fly. His friend 
cannot get there at all by following the baseboard. How can he 
ijive directions? One of the ways is given below. 




"Follow the baseboard for four feet. Then turn to the left so 
that you are headed perpendicular to the baseboard, and crawl for 
six feet." In this case when the lump of sugar is in the Interior 
of the rectangle, it is convenient to use two niombers to c , scribe 
its location. For this reason the set interior to a rectangle 
(or any simple closed curve) is called two-dimensional . 

If the liAmp of sugar is not on the floor at all but is 
somewi'iere else in the roo.n (for example, suspended from the 
ceiling by a string), the problem of direction is harder still. 











4 FT /"^ 

Ic — . 




A 





The directions then rr.iglit go like this, "Crawl along the base- 
board for four feet, then along the floor perpendicular to the 
baseboard for six feet. You will then be directly under the 
sugar. To get to the sugar fly directly up for two feet." This 
time three nuimbers are needed to describe how to get to the 
point S, so the interior of the room (that is, the interior of 
a rectangip^r solid) is called three-dimensional . 
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On the basic of the above discussion, what dimension should 
yov give to a point? 

The dimension of the set whe' e the fly is shows how much 
freedom of motion he has. If he mast stay in the one-dimensional 
set consisting of the floor's edge^ ne can move only along this 
edge. If he may go anywhere in the two-dimensional set inside the 
rectangular edge, he can crawl all over the floor, If he is 
merely confined to the three-dimensional set interior to the room, 
he can fly anywhere in the room. 

The term dimension Is also used in connection with more com- 
plicated sets. We do not try to give an exact definition, since 
it is usually clear whether a set is similar to a line, or to a 
region of the plane, or to the interior of a solid. 

Exercises 12-9 

Indicate for each of the following sets whether it is one- 
dimensional, two-dimensional, or three-dimensional: 



a. 


triangle 








i. 


exterior of 


ari angle 


b. 


interior 


of 


a 


triangle 


j- 


rectangular 


prism 


c . 


circle 








k. 


interior of 


a rectangular 


d. 


interior 


of 


a 


circle- 




prism 






sphere 








1. 


exterior of 


a rectangular 


e . 










prism 


f . 


interior 


of 


a 


sphere 


m. 


surface of a 


, desk 


g. 


angle 








n . 


interior of 


a desk 


h. 


interior 


of 


an 


angle 




drawer 





12-10. Other Units of Volume . 

In our discussion so far we have used the units of volume 
vhich are related to linear measui^e, such as the cubic inch, 
cubic yard, or cubic mile. In practice we often use other units 
of volume. If you go to the grocery, you ask for milk, cream, or 
vinegar in quarts or pints rather than in cubic feet or cubic 
Inches. Similarly you may ask for a bushel of peaches. There are 
definite relationships between these various measures and the 
cubic foot o.^ cubic inch. 
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There would bt; a great advantage In doing away with most of 
these extra units of volume. Since these units are In everyday 
use, you should Icnow their relationships, or at least where to 
find them. Unfortunately, m our English system we even use 
different units for measuring Iquld and dry quantities. The 
quart measure most people use Is actually the liquid quart, but 
there is a dry quart which Is somewhat larger. For convenient 
reference a section with Information about the various units and 
their relatJ/ iships is placed at the end of this chapter. 

Exercises 12-10 

1. Milk often comes in quart containers "hat measure 7 in. by 
3 in. by 2^ in. 

a. How many cubic Inches are in the carton? 

b. Is this of a gallon? 

c. What. is sometimes done to this container to make it look 
larger? 

2. A quart milk carton has these measures: 2|-" x 2|-" x 7^". 
If the carton were filled, would you have more than a quart 
or less than a quart in it? 

3. There is an old saying, "A pint's a pound, the world around". 
Give a reason why this is not necessarily true. 

Berries are often sold in boxes that are labeled pints and 
quarts. A "quart" box measures in. by in. by 2^ in. 

a. Hov/ many cubic Inches does it contain? 

b. If a "dry" quart is 1^ times the size of a liquid 
quart and a liquid quart contains 57^ cu» in., how 
many cubic Inches are there in a dry quart? 

c. Does the "quart" box of Problem hold one dry quart? 

5'. A pint berry box measures x 3^ x inches. 

a. How many cubic inches does this box contain? 

b. How many cubic inches are In a standard dry pint? 

c. How much larger or smaller is the box than it should be? 

6. Is there any reason why a "dry" quart should be larger than 
a liquid quart? 
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7. A bushel of apples is priced at $3.25. Apples can also be 
boxight for 9^ per pound. If a bushel holds 48 pounds of 
apples, how much do you save by buying a irushel? 

8. A bushel of potatoes weighs 60 pounds. Which Is cheaper, 
a bushel that costs $5.50 or 60 lbs. bought at 4 lbs. 
for 25)^ ? 

9* Half -gallon milk cartons have a base of 5^ In. x 3^ In. 
How tall should the carton be? If h stands for the number 
of Inches In the height, write a number sentence Tor this 
problem. 

*10. The lengths of the edges of a certain rect^gular prism all 
involve counting numbers greater than 1. If the interior 
of the prism has a volume of one gallon, what are the 
measurements of the prism? 



12-1.1. Summary > 

1« The area of a rectangle means tho area of the closed region 
determined by the rectangle. 

2. The standard unit for measuring area is a square inch . A 
square inch is the area of a sqixare the sides of which are 
1 inch. 

3. The number of square units of area of a rectangle is the 
product of the number of linear units in the length and 
Width. This may be written as the number sentence 

A = ^ • 

Where A represents the number of square units of area and 
and represent the number of linear units in the length and 
the Width. 

4. A rectangular prism is a figure like a chalk box, your text- 
book, or a cigar box. 

Every rectangular prism, has six rectangular sides which 
are called faces . The line segments determined by 
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two Intersecting faces Is called an edge of the prism. Every 
rectangular prism has 12 edges. A point where three faces 
intersect is called a vertex. Every rectangular prism has 
8 vertices. 

The sum of the areas of all the faces of a rectangular prism 
is called the surface area of the prism. 
A rectangular solid is a set of points consisting of a 
rectangular prism and its interior. 

The standard unit for measuring volume is a cubic inch . 
A cubic inch is the voXume of a cube each side of which is 
1 inch. 

The number of cubic units of vo-ume of a rectangular solid is 
the product of the number of square units in the area of the 
base and the number of linear units in the height. This may 
be written Ls the number sentence 

V = B • X 

where V represents the number of cvibic units in the volume; 
B represents the number of square units in the area of the 
base; and h represents the number of linear units in the 
height. Since the base is a rectangle, this sentence may 
also be written 



12. Chapter Review . 

Exercises 12-12 

Use the sentence A = ^ • to find A if 

a. = 18 feet, = 6^ feet 

b. -^ = 7^ t^eet, ^ = feet. 

Use the sentence V to find V If 

a. = 14 inches, S^- inches,-^ ='7 incnes 

D. ^ = 17 feet,r^^= 5^ feet,^ = 2^ feet. 
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3. Mr. Stone's garden is 75 feet In length and 50 feet In 
width. In one corner of the garden he has a storage shed 
14 feet long and 6 feet wide. The rest of the garden Is 
lawn. 

a. What Is the area of the entire garden? 

b. What Is the area of the storage shed? 
0. Wl-iat is the area of the lawn? 

4. a. Find the volume of a 2^-lnch cube, 
b. Plnd.^the surface area of this cube. 

5. a. A cube has ? faces. 

b. A cube has ? vertices. 

c. A cube has ? edges. 

6. A tile floor is rectangular In shape. Each tile is a 6-lnch 
square. Find the area of the floor if 13^h tiles are needed 
to cover the entire floor. 

7. A room measures 11 feet by Ih feet. A rectangular rug 
is placed on the floor. The rug is 12 feet long and Q 
feet wide. If the rug costs $6.75 per square foot, find the 
total cost of the rug. 

8. A storage box in the form of a rectangular prism is 10 feet 
/long, 3^ feet wide, and feet high. 

/ a. Find tne number of square feet of wood needed to build 
the box. 
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b. Find the volume of the box. 
1. Indicate for each of the following sets whether it is one- 
dimensional, tv;o-dimensional, or three-dimensional. 

a. the interior of a rectangle. ^ 

b. a segment 

c. the Interior of a closet 

d. a football field 

e. a foul line in baseball 

f. the surface of a dollar bill 

g. the interior of a TV c:3t 

10. A gas tank is 5 feet long, 3^ feet wide, and' 2 feet 
high. How many gallons does this tank hold if l gallon 
l3 equal to 231 cu. in. ? 
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12-13. Cumulative Review . 

Exercises 12-1^ 

IJ List the elements of the set of all days of the week whose 
names begin with R. 

2] Write three multiples of 24. 

3> Answer true or false. 
/ a. Zero Is a number which Is both even and odd. 

b. Twenty-four Is a multiple of J. 

c. The first prime number Is 1, 

/ 

/4. Write the set of factors of 50. 

/ 

' 5. Write the Roman numerals, 
a. 23 
^. 19 

6. List the common factors of 20 and 28. 

7. On a motor trip, Mr. Tobln averages 42.5 miles per hour. 
At this rate how far does Mr. Tobln travel In 8.5 hours? 

8. Write In symbols. 

a. 3 Is greater than 0. 

b. 15 Is between 13 and 17. 

9. A workman was paid $270 for a Job which required 50 hours 
of his time. At this rate, what should be paid for a 40 
hour Job? 

10. State which of the following ratios are equal. 

34 2 
a. 5t > J 

h 10 95 
6 45 

11. A cigar box Is 10 Inches long, 5 Inches wide, and J> 
Inches deep. 

a. Find the surface area of the box. 

b. Find the volume of the box. 
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12. Tlie length; and width of a rectangle have been measured as 



13. 



Ik. 



4 

a . 



inches and 2^ Inches so that £ 



4 



and w « 2t 



Draw a rectangle with these dimensions 
Find the approximate area. 



In each case, describe the union of the two sets below. 

a. The set of prime nximbers greater than 0 and less than 
10 and the set of odd numbers greater than 0 and 
less than 10, 

b. The set of children In a family and the set of parents 
In the same family. E 

In the diagram on the right: 
AGflBF ? 



a. 
b. 
c . 
d, 
e. 



What is 
What is 
What is 
What is 
What is 



BFU CD ? 
BDflCF ? 

bdUcf ? 

DEflCB ? 




15, A segment appears to be 8^ Inches in length. Vrite the 



length of the segment to show precision of: 
a. ^ inch. b. inch 



1 

T6 



inch. 



o - 



English Units 



12 In. 
5 ft. 

l6j ft. 

520 rd. 
5280 ft. 



1 ft. 
1 yd. 

1 rd. 

1 ml. 
1 ml. 



TABLES FOR REF \ ':NCE 

Measures of Length 

''^ millimeter (mm. ) 
100 cm. 

1,000 mm. 

1,000 M. 

Measures of Surface 



Metric Units 

1 centimeter (cm.) 
1 meter (M. ) 

1 met:*r 

1 kilometer (km. ) 



Ikk sq. la. 

9 sq. ft. 
160 sq. rd. 
0,560 sq. ft. 
640 acres 



1 6.^. ft. 

1 sq. yd. 

1 acre 
1 acre 
1 sq. ml, 



100 sq. mm. = 1 sq. cm. 
IC^OOO sq. cm. = 1 sq. M. 
1,000/^00 sq. M. =1 sq. Ion. 



Measures of Volvmie 



1728 cu. In. 
27 cu. ft. 



16 oz. = 
2000 lb. = 



16 fluid oz. 
2 pt. 



= 1 cu. ft. 
= 1 cu. yd . 



1,000 cu. mm. 
1,000,000 CO. 



= 1 cc . 
= 1 cu. M. 



1 lb. 
1 T. 



4 qt. 



= 1 pt. 
= 1 qt. 
= 1 gal. 



Measures of Weight 

1,000 gram (g. ) = 
1,000 kilogram = 

Liquid Measure" 

1,000 cc. 



1 kilogram (kg. ) 
1 metric ton 



= 1 liter (L.) 



Dry Measures 



2 


pt. 




1 qt. Volumes are 


8 


qt. 




1 peck (pk. ) 




4 


pk. 




1 bu. 










Miscellaneous Measures 




1 


gal. 




= 251 cu. in. 




1 


cu. 


ft. 


» 7| gal. 




1 


bu. 




« 2150 cu. in. 




1 


dry 


qt. 


« 1^ liquid qt. 










Metric and English Equivalents 




1 


in. 




2.5^ cm, 1 cm. 




1 


yd. 




0.9 M. 1 M. 




1 


ml. 




1.6 km. 1 km. 




1 


lb. 




0.45 kg. 1 M. 




1 


qt. 




0.95 L. 1 kg. 








1 L. 


ft* 



O.'i in. 

1.1 yd. 
0.62 mi. 

59.37 in, 

2.2 lb, 
1.05 qt. 
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Chapter 13 
ANGLES AND PARALLELS 

13-1. M easiirement of Angles , 

You have been studying ways of measuring line segments and 
aViTfacea. Now let us see how angles are measured. First let 
us briefly review the meaning of an angle - 

An angle Is a set of polios consisting of two rays with an 
endpolnt in common and not both on the same llne, 

Exerclses 1^-1 
(Class Dlscussl 

1. Name the angle In the figure In 
at least two different ways. 

2. Name the rays which are the sides 
^^pf the angle. 

3. What Is the point A called? ^ 

4. Name a point In the Interior of ^ 
the angle. 

5. Name a point In the exterior ol 
the angle. 

6. Name a point on the angle. 

As you know, to measure anything you must use. a unit of the 
same nature as the thing measured. Therefore, to ir^-isure angles 
we choose an angle as the unit of measure. Suppose we wish to 
measure CFP using the unit angle shown In the drawing. 
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First we trace a :;upply of these unit angle^J. 




The size of Z Cl^^ seems to be about 5 l.mes the size of 
the unit angle. However, we selecteb our own unit angle. Just 
as there are stanaard unl for measuring a line segment, so are 
there standard units fo;; ■ uring an angle. 

Angles are usu;^lly me-^jured with an instrument called a 
protractor. Look at ';he following drawing of a protractor. 
Think of a set of rays from poin^' P which subdivides the half- 
plane determined by the line AB into 180 angles of the same 
s'.ze. One of these I80 angles is '^,elected as the standard 
^.'i V . The measurement of thlo angle is one degree . (This is 
•'-.•:."en as l'^, where ''O" Is the symbol for "degree.") The 
mea^ure of this unit angle, in degrees, i:- 1. Angles with the 
rame measure are called congr-uent angler,. The ray^ of the pro- 
tractor determine 18O congruent angie:.;. 



< 
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In the drawlrit?;, :w:f';ment;:'. r)r the ray.\: are .-hov/n on ihe curved 
part of the protractor. The:^:* ray:; confer, porn i to ih*.-' Mumb'-'^";' from 

0 to 180, forming a scale. Only tho ray.;, .named by a rnultlpie 

o 

of 10 are labeled . Two Oi theL-;o i-ay;'. , corrL'^^pondi n^; 1:0 ;30 

>o .1^^.. 1. , The Diiniber of defa-ecL'. In 

Thu 'e may ■..>ay: 



and 50 i ai"^ shown by do'-.te'i 
an angle \z called Its meae;uro , 



The measure of Z-RPB 
The measure of Z_SPD 1: 



;0; the 



or L RPB 



,0 



"K^i the 3.1ze of Z-SPB 



30 



,',0 



Can you think of a v/ay to find tiie i. .!;;ure o l' Z_RPSV By 
subtracting yon find that the si/.'-' of LF.Po ^ 2{f , 



Ex ercir.ei: Ij-lb 
(Claos Dif:icuGi3ion) 

In the d r^i wi n b o 1 o v/ ! l*. ^: ho wn a p I'o t ra c u or placed on a f 1 1 -e 
with several ray:; drawn from point P. ."^Ind. tri- meaLj.ur-e, in 
degrees, of each of the follov/lnt' anfyle.;. : i 



1. 

3. 



^BPK 
L BPC 
Z-.BPD 



0 . 



Z_BPH 

Z_BPE 
Z-MPF 



LGPK 

z,:--pc 



10. 

11. 

12 . 



Z_CPG 
Z_KPF 
Z. HPP 



\ 



To mea:.ur^e a:: tn^-'f 
] . Pl^^oe lae pr 



f 1 lov;l ; 
n::t p-l: 



3. No'fV locate, on the protractor, the mark wh:jh lle.\' 
on the othex^ side of the angle. 

The number • corresponds to thl:; ray 1 the mear^ure, 
In degree;;, ;ie angle. 

You may find that your protractor haz two scales. One :.-i:^ile 
starts with zero at the right and ri:iia to Irio at the left. :^ie 
other scale starts with z.>ro at the left and runs to l80 at 
the right. rne z -ro may not be marked on your protractor, but 
you will be able to see where It: 1.; suppose-; to be. When you 
read the measure of an an^^'.ic- , you mu^n be s'ore lo read ti'ie same 
scale that shows zero for one side of the angle. 

Ex.erc Ises 1 j - 1 '-^ 

1. Use a protractor to measure the angles below. If the parts 
of tr.e rays shov/n are not long enough to jhow the Jntersec- 
tlon of the side of tho angle with the protractor, lay the 
edge of a piece of pap-jr along the sldo.^ of the angle. 
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Draw a ray AB vilth endpolnt A. Place your protractor 
with point P on A and the z-.-r-. line of t\\e protractor on 

AB. Then mark the point at J^; on the protractor scale, 
and name it point C. Remove your pr-o tractor and drav; ray 

AC. (This is shown as a dotted line in the figure. ) You 
should now have angle BAG. VAiat is ito measure? 




Use t h e me t hod (\ e s c r \ t e 'i i n Pro o s m 
these- size.: : 



t f) d 1 'a v; a n g 1 e ^ ■> o r 



c . o 1 I . 1 / ' 

In the drciv;!r.r below, r>;;,- AP and ray AC are opposite 

ray:;; that Is, they ,:r"" trie sa::-'^ line, they have ' ^ same 

endp':)lnt> ar^d the'r 1 a^:^ rv>'' ; t i i S'?t s tae end point A. 
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13-2. Two Line J In a P lane . 

Early man v/^i.•;; very much interested 
in the ideao of geometry. Clay tablets, 
thousands of years old, show that the 
ancient Babylonians knew how to find 
the area of a I'ectangle. This iaea 
and other geometric ideas found their 
way to Egypt, The Egyptians added 
them to their ov/n ideas and used their 
new knowledge to build great temples 
and pyramids 5OOO years ago. As new 
ideas quickly grew out of the old 
ideas, it became important that they 
be put in order. Students could study 
th*^^ better* that way. Later the Greeks 
collected the scattered ideas and rules 
V\ of geometry, v/r-ote them down, and put 

\ ^ ^ - them In order. To these collected 

^ -. ideas the Greeks added many new ones 

Just as iT-iOdern mathematicians are 
doing tptiay. 

Just as the Greeks did long ago, 
you will begin v/i^h a fev; of 'the 
"sijupiest ideas of gr-c^rr.ctiy ar. ' use th*':se a;: steppir^ig-:;. L.one:> to 
e v n mo-re powerful i ci e a . ' 'o ' ir : ^ t \ y o f ge o me t ry v; J 1 j. g i v e y o u 
some un d e r s t a n d i n g of ho v/ t i 1 • : f i" s t p a r* t o l ' g e o rrv j t r -y r,r n v; u z 
of the simplest beginning:.: , 

For a simple beginning, . i p po s - y o :i think a b o ^ t t v;o " 1 1 n e 
ill '\pi\2Q, Wnat position:: car. they take space'.' Can they be 
paralle].? Car; they be sk-svv Can trie*- 1 nter's--:; t'? Suppose tr^ey 
intersect, ^ In the figure below, ^ and fat:erse::t in 

poinc A, chus lU: :n a p] . ■•. V/hy? 
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Perhaps the lines of the figure have dravm your attentlor: to 
the angles In the figure. The angles are determined by the 
lines jlt and . How many angles are determined by ^/ and 2, ? 
Two angles determined by the lines are angle BAD and angle SAG 
Can you name two more angles determined by line -// and line J,^. 



15-3. Adjacent Angles , 

In the discussions about angles you will sometimes choose 
two angles of the four determined by line.: and and use these 
two angles to show the truth of sone geometric idea. It v/111 be 
helpful to name certain pairs of angles which are used :nost often 
One very important pair of angles Is angle CAJD and angle DAB. 
If these twa' angles meet the following requirements, they are 
called adjacent angles : 

1. Their Interiors have no point in common. 

2. They use the same point for a vertex. 
/ 5- Thejf have a common slae (ray). 

Suppose you check these requirements for angles CAD and DAB 
in the preceding figure. What Is the name of the one point that 
both use for a vertex? Is AD a common side? Can any point on 
the C side of be a point on the B side of ? The 
answers to these questions Indicate tiiat an^le CAD and angle 
DAB are adjacent angles . 



£:<:erci ses J. j - j 

1. Name four angles determined by J-; and ^ erich r'l^-ur-e: 
(Remember, the vertex letter \z Xa\': :::!aiie le':ter. ) 



^ \ / B f ' 



D / \ r 



Figure 1 
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2. In which flgixre Is a pair oC adjacent angle:; marked v/lth a 
star? 




V 



\ 



(a) 



(b) 



(c) 



5, Which of these pairs of angles are not adjacent angles? 
Give .requirement that is not met by these pairs. 



\ 



\ 



/ 



\ I 

■I 



(a) 



(c) 



^. a. List six pairs or adjacent 
angles in the figure at 
the right. 



I ..2,. 





b . P ' >: t \v o J a c e n t a n £ i c- . • w 1 1 1 c ri 



oual mea::ures . 



D ra w t w o a d J a c e r • t a n (r 1 e . ; w h 1 1 c h : 1 r.j '/ e f e a s u r 
to ISO. 



ddlnr ■■;:) 
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15-^. Vertical Angles . 

Perhaps the following figures look like a oisplay of men's 
bow ties. Actually, they are to call to your attention pairs of 
vertical angles determined by two intersecting lines. 







Notice that the above angle pairs meet the following requirements 

1. The same two lines determine each angle in a pair. 

2. They pre not adjacent angles. (They are non -adjacent 
ang ^.es. ) 

In the figure at the right, you will notice that whe.n two 
lines intersect, two different "bow 
ties" or pairs of vertical angles 
are determined. One bow tie has a 
polka dot pattern and the other' has 
a scrlped pattern. Name one pair 
of vertical angles In the drawing 
and then name the second pair of 

vertical angles. Look at the fi^^ures at the top of this page. 
Can you. see the .-:econd pair of vertical angle:: :n each figure'? 
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Exercises l^^k 

One of the pairs of angles in these figures that are marked 
with stars Is a pair of vertical ctngles. In which figure is 
a pair of vertical angles marked'.' 




4* 



t \ 




(b) 



(c) 



2. Is It possible for vertical angles al:jo to to adjacent 
angles? Why? 



3. Name three pairs of verlJ val anr le/. 'n zhl3 figure" 



. rjame thre6 mor^e pairs of -ertical angles "in the figure for 
Problem 3. (Hi; "--com.blne two angles to get a third.) 

\ 5. Draw two intersecting lines so that they determine vertical 
angles all of which have the same measure. 



3up p lemeri tary AngI 

Earlier In thli:: chapter learned how zb moasui'e ar^gle.:. 
The id^a of anglo ::;oa;:urv is ^^n- on wliich: many geometric idea, 
depend. A'..-I'j m->r:L;ure will be a:^ed i-o often chai: lZ will b^- 
heipi'-.il Vo agree ^^r: .'.ip.v.'oo to CAOr ' :l It. For trio vrorl 

mer:sur':- \.; i-^tu'^r "m'' i:; ured. ror "angle" we u:;e ZYiU: 
'-yrr,tcL: A . w-v, . . . wo:'!:: "::v.a.:ure o:* a;.rie ; 

becor^e .: Imo i.v : n L A . 
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Ar)y angl can be used as a unit of measure but the degree i 
the one we selected as our standard unit o:* measure. In the 
future, unless some other unit of measure is named, m Z_ A = 'tQ 
means that angle A is a forty -degree ai:igle. 

The drawing below shov/s a pr tractor plac^ed in po:-'ition to 
measure an angle. .. ryr-rp— . 




B A 

In the drawJn:- v.:iere are two arirl.e-, /J3AC and LCAR, whicl 

have measured that total i8o. Trie meaL^ur- of angle BAG is 
30 and the measure of angle CAR is I'yj The sum of JO and 
150 is l8c\ If the s'om of the measures' of two angles is I80, 
the angles are called supplementary angles . Thus, Z_BAC and 
LCPiR are supplementary angles. We also say "Z_BAC is a sup- 
plement oV £CAR. " 

J Exercises 13 - ^1 

1. Measure these angles: 



\ 



\ 



D 
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In the figure at the right, how 
many unit angles of one degree ax ,* 
in L a and L b together? Are 
Z- a and supplementary? I3 ^ 

it always n^^cessar^'' to measure 
angles to find out if the angle;; 
are supp],ementary? Complete the .^^^ 
following statement: If the union 

of the interiors of two adjzicent angles and their cornTion 
half -line is a half -plane, then the angles are ? angles. 

In v/hich of these figures can you be quite sure that Z_a and 
Lb are supplementary vrithout actually measuring them? Why? 



n 





;ur palra of :*upplementary ar.^'lei.' in thl:^ figure: 
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5. Draw a pair of non -.adjacent supplementary angles. 

6- Drav; a pair of supplementary angles which have equal measures. 

7. How many pairs of suppiem^^'n tary angles o.an you :ount in this 



^5"^- ^^^^6 About Vertical Angles . 

In the rest of this chapter, as well as in the next chapter, 
there are a number of experiments. These experiments will help 
you discover new geometric ideas for yourself. In some ways, 
the plan of an experiment is like a map of a strange country. 
The plan gives you directions to follow. The map gives you roads 
to follow. But neither the nap nor the plan v;arn you of many 
surprising things that lie : .ead. These you must discover for 
yourself. Good hunting! 



figure? 




\ 




Ex D e r i ni e n t On e 



Discovering an Interesting Pact about Vertical Angles. 



V/hat needed: 
vn-iat to do: 1. 



P r o t r^a c t o pen - i J. , p a p e r 

Draw two intersecting lines as in the following 
figure . 
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Do ti;ls experiment two more times for different 
pairs of in tersec t ing lines . 



Record yor reoults .In a '"-able: 





m Z: b 







What seejns to be r:rue abou. the measures of tv;o angles which 
form a pair of vertical angles? Clieck your answer by finding 
th_ measur ■ of the other pair of vertical angles in each of your 
drawings . 

ThiL) seems to be true: 

If tv;o lines intersect, the tv;o angle::- in each pair of 
? angles formed by the lines have ? raeasure. 
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E xe-'cises Ig-o 

Do not use a prctractor to find the an3v;ers for t:hese exercise:: 

1. In which figure are L x and L y equal in rriea.^ure? Give 
reason why you chose this figuj-'e. ("They look •-.-cuai'' is wo 
a good reason as you v;lll see in a later section.) 




(b) 



y 



(c) 



The figure below is lollowed by soT-e statemei;ts whiuh are to 
be completed. 



a. mZ_x + mZ_y= ? 

b . m z m Ly = ? 

c. If m-Ly Is knov;n, how can you find m Ly/. ow can a 
find mLz ? 

d. Usj.ng your answers to par-c (e) fill in the::v blanks : 

mLx = ? - ? 

m Lz ^ ? - ? 

e. Notice thi- . the expression on the right side of each 
equation represents trie same nujTiber. Since this Is tru-, 
what can you say about ti^e Tieasure of L x and the 
measure of L z? Note that this is another v;ay to arrive 
at our conclusion about vertical angles without experi- 
mentation , 



89 
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15-7 ► Right Angles . 

The following discussion is based on the rigiare below. 



D 




< — »- 

A C B 

Exercises l^-7a 

(Class Discussion) 

1. LACD and Z-DCB are adjacent angles. I'/hy? 

2. Is there another way to describe the relationship between 
these two angles? 

5. Are all adjacent angles supplementary? 

4. Are zll supplementary angles adjacent? 

Ncmv let us consider another pair of supplementary adjacent 
angles, Wnen two lines, such as 
AB and CD, meet and form a 
pair of congruent adjacent angles, 
the lines are said to be 
perpendicular . The symbol for 
perpendicular is " I Thus, we 
may write AB J_ 

Line segments and rays are said to be perpendicular if the 
lines on which they lie are perpendicular, as shown in the 
following drawings. 



> > 
B 



A & 
EA J__ BC 



m 1 PQ 



RS TW 



10 
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We may also say a line is perpendicular to a ray 
segment is perpendicular to a ray or a line. 





CDJ^AB 



1. 



2. 



Exercises lJ>-Tb 
(Class Discussion) 



Which of the drawings below represent 
a. Perpendicular lines? 
Perpendicular rays? 
perpendicular line segments? 
A line perpendicular to a ray? 
A ray perpendicular to a line segment? 
A line segment perpendicular to a line? 



\ 



In the figure AB_LCD. (This is 
often denoted by the symbol " 
marked at the point P.) 



91 B 
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b. 



The sum of the measures of L i\?C and ^ CPB is ? 
Why? 

The measure of L APC ? the measure of L CPB. \Vhy? 



Therefore, the measure, .i ^ -gree^ 
angles APC and CPB is _ . 

Angle CPB and angle DPA 
Angle APC and angle BPD 



are 
are 



of each of the 



angles . 
angles . 



Therefore , the measure 
BPD is ? . V/h.y? 



of each of the angles DPA and 



Prom the preceding exercise you should have noted that 
two perpendicular lines form four angles, each of which is a 
90° angle. An angle of oq^ is called a right angle . 

When two lines intersect and are not perpendicular, they 
form angles whose measures are not . 
An angle who 2^ measure is less than 
00, such as ^ DPB, is called an 
acute angle , An angle whose measure 
is more than but less than I80, 

such as L APD, is called an obtuse 
angle. To summarize, angles may be classified according to their 
measures as follows: 





Acuuc angle 



p D 




Right angle 



B 

Obtuse angle 



12 
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1. Without measuring, toll wliich oV the ringie.- b-.^I.^w nppear to 
be: 



a. right angles; b. acute angle::.; 



obtuse angle:^ 



V 




2. Use a protractor to mea..;ure each of the a'ngles above. 

3. a. The measure of an acute angle is greater than ? 



and less than 



The measure of an obtuse angle is greater than ? 

and less than ? . 

In the figure, name all the 
obtuse^angles which have 
ray AB as one side; all 
such acute angles; all 
such right angles. 

Name all the acute angles 
that have ray AE as one " " 

side; all s.uch obtuse 
angles; all such right angles. 



Name all the right angles that have ray AK as one side ; 
all such obtuse angles; ail such acute angles. 



10 

o 

ERIC 
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a. Without measuring, tell whether each angle below is an 
acute, right, or obtuse angle. 

b. Without measuring, estimate tiie number of degrees or each 
angle. (A gooa v;ay to do thlv, is to i:hlnK how it com- 
pares with a right angle.) 




c. r^leasure each angle in Problem t^b. How well did you 
estimate their sizes? 



Three Lines in a Plane . 

The property of vertical .angles which you have just found 
v'^.s known . long ago. Thales, "fe Greek mathematiclaiT and teacher 
of c.'bout 600 B.C., is given credit for the idea. He traveled 
widely in Egypt and other countries of the ancient world and 
gathered together many of the geometric ideas knovm at that time. 
He and his students used these ideas to create and build new 
ideas as you are doing in this chapter. 

Now that you know about two intersecting lines, the next 
step is to study three intersecting lines. Let three pencils 
represent three lines. Suppose they are tossed into the air 
and allowed to fall on a flat surface. No matter how many times 
this is done, the final positions in which the pencils come to 
rest may be described by the phrases belov;. 



15-^ 





-i-^ ^ -crrrzi -"^ 

one point of Intersection 


// . 

^ ' 1 

-rnr^^ R 1 

V 

two points of Intersection 


\ _ / 

\ 

three points of Intersection 




zr~-^ mr.'^iT c> 


nr":n> <3: :rn nrz': "..ri> 




\ 

(11. — ■ ill 

No points of Intersection or 
a great number of" points. 



V/hich of these groups describe the most likely position In 
which three pencils would fall? Perhaps you could make up an 
experiment to test the answer to this question. 

The group we shall examine first in our study of three lines 
in a plane Is* -that which has three points of Intersection. 

I Our next experiment will be about three lines belonging to 
thie group that has three points of intersection. To get ready 
rir this, we^need a name for a certain pair of angles which are 
determl'hed by lines in this group. The drawings below show four 
views of the same figure. 



13-9. Corresponding Angles . 

In each drawing the angles whose interiors contain the dot 
make up a pair for which a name 1^3 needed. 
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Two angles formed this way are called corresponding an,T les . 
In the drawing at the right 

there are four pairs of corres- OA^^--''''''''''^'^ 
ponding angles . The angles ^\ 
which have their Interiors marked A . 




In the same way form a pair of 
corresponding angles. 




J. 



In the drav/lng at the left, 
the line t Intersects two lines 
In separate points A and B. 
Line t Is called a transversal 
of and j^z . 



To remove any doubt as to whether a certain pair of angles 
are corresponding angles we shall list two requirements: 

1. The Interiors of the angles are on the same side of 
the transversal , 

2. The Intersection of ^he (two) angles contains a ray 



In *:he figure above, the Intersection of Z- 1 and L2 Is 
AC, which Is contained In the transversal t. Notice also that 
the interiors of L 1 and L 2 are both on the Q side of the 
transversal t. The requirements for corresponding angles are 



on the transversal . 





C 




inet. by L 1 and L 2. Therefore L 1 and L2 are corresponding 
angles . 



06 
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■ Exercises 

1. In which of these figures Is a pair of corresponding angles 
marked? 




2. Name four pairs of corresponding angles In this figure: 




3. The angles marked in these figures are not corresponding 




4. a. Can corresponding angles ever be adjacent angles as well? 

Why? 

b. Can corresponding angles ever be supplementary angles as 

well? Make a drawing that shows your answer Is correct. 

5. a. If mLa = 8o In the figure below. Is It possible to 

tell what the mLb Is without measuring? How? 

b. Is It possible to find the measures of the other angles 
marked In the figure without using a protractor? How? 



07 

10 
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Look again at the figure for Problem 5. If you know that 
mZ-b = mLc, would you therefore know that mLa = m Z-b? 



Why? 

In the figure at the right 
a. Is £i a transversal? Why 



b. 
c . 




Is a transversal? Whyl 

Is ^3 a transversal? Why? 

How many pairs of vertical angles are there? How many 
pairs of adjacent angles? Supplementary angles? 
Corresponding angles? 



98 

10 G 
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15-10. Parallel Lines and Corresponding Angles . 

Below Is a section map of a large city where tall buildings 
hide one street from another. At point A, a policeman tells 
you that the street you are looking for is one block further at 
•point B and is parallel to the street on which you are standing. 
On arriving at point B, however, you find two streets. It is 
impossible to see down the street where you met the policeman and 
see down the streets' at B at the same time. The tall buildings 
block your view. How then, can you compare streets, to see which 
ones are parallel? Luckily, you recall the size of angle A. 
Recalling this fact makes it possible for you to decide which 
street at B is parallel to the street at A. ^^How is this done? 
What kind of angle pair is suggested by the angles marked at A 
and at B? 




Experiment Two 
Discovering Some Properties of Corresponding Angles 

What is needed: protractor, pencil, paper. 

What to do: 1. Draw and label two intersecting lines as in the 
figure below. 



/ 



99 



10 

Measure Lb. This drawing shows the protractor In place. 




Place the center-point of the protractor on point A. 




Locate point F so that L FAB has a measure greater than 
that of Z- b. Draw line AP. 




Repeat the experiment two more times. The first time make 
the measure of L FAB less than m^b. The second time make 
the measure of /-FAB equal to the measure of /-b. 

Record the angle measures in a table as follows. In the 
third colTimn answer "yes" or "no." 



m Z-b 


mLFAB 


Does AF seem to Intersect ? 
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Questions: 1. Are angle FAB and angle b corresponding angl 
How can you tell? 

2. Did line AF ever Intersect // ? Wlriat were the 
measures of the corresponding angles when this 
happened? 

3. Will a pair of parallel lines result in all case 
where two lines and a transversal form conges- 
ponding angles of the same measure? 

^. Is this idea helpful in finding the answer to 
the "parallel street" problem? 

This seems to be ti^ue: 

If a transversal intersects two lines in such a way 
that a pair of corresponding angles have different ? , 
then th^e lines ? 

i If a transversal intersects two lines in such a way 
-that a pair of corresponding angles have equal measures, 
then the lines are ? 



Exercises 13-10 

If the angles in the. figures below have exactly the measures 
shown. In which of these figures do you think and will 
not meet? State a property as reason for your belief. 





90' 



90' 



(c) 



91° 



90° 



(f) 



101 
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2. In which the figures in Probie::i 1 will and £2 intersect 

5. a. If -..le measures of angle 1 and angle 2 are equal in 
tne jrigure below, do you have reason to think that m Z_ 3 
also equals the uiLl ? Wliy are these measures equal? 

b. How many pairs of correspondinr angles are In this figure 



s p 



In th(:: ilC'a- b-:U:v; v.'lli. , uud detei^mme a triangle? 
Whv 0!' wi;v no"CV 



a; 



13 - -1. S^unima ry . 

In Chapter I3 you learned b;Ow to use a protractor to measure 
angles. Angles are measured in degrees and may be classlfiea 
according to thei :■ measure. k\\ angle of 00^ is a right angles 
an angle of less tnan ''^'^-^ \?, an acute angle; an angle of more 
than '"^0^ but Ie:u- thr". Ibo'^ is an obtuse angle. 

Lines, scK:ments, or rays. t[iat> i'orm a right angle at their 
point of rsectiori are sciid to be perpendicular. 
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Important angle pairs studied in this chapter were: 



1. 



Adjacent angles . 





Vertical a ngles . 




3 . Supplementary angles . 





> 



You discovered this property of vertical angles : 

If two lines intersect, the two angles in each pair of 
vertical angles formed have equal measures. 

This property helped you work with exercises about three 
Lines intersecting a plane. In talking about these lines you 
'ound it helpful to know about: 

Corresponding angles . 



You discovered the following intportant properties: 

If a transversal intersects two lines In such a way 

that a pair of corresponding angl-js have different meas-ures 
then the lines Intersec 





103 
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If a transversal intersects two lines in such a way that 
a pair of corresponding angles have equal measures, then the 
lines are parallel. 




15-12. Chapter Review . 



Exercises 13-12 



1. Use a protractor to measure each of the following angles: 




2, Classify each of the angles of Problem 1 as an acute, right, 
or obtuse angle. 



lOh 
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3, Complete the following statements 
a 



6. 
7. 



Two angles which have the same measure are said to be 
? angles • 



b. The rays of a protractor determine ^. ? 



congruent angles 
c. The number of degrees in an angle is called its ? 
d. 



The standard unit of measurement for an angle is one ? 

e. When two lines intersect so as to form right angles, we 
say the lines are ? 

4^ Use the figure at the right and 
name three pairs of: 

a. vertical angles. 

b. adjacent angles. 

c. corresponding angles. 

d. supplementary angles. 

5. Classify angles x and y in the following figures as 
vertical, adjacent, supplementary. 







r> (a) (D) (c) 

A pair of adjacent supplementary angles have the same measure 
What is the size of each? 

In the figure at the right, 
line // is parallel to line 

. The measure of Z- a 
is 70. Find the measure of 
e^ich of the other angles. 
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13-13. Cumulative Review . 

Exercises 13-13 

1. L4,-3t all the numbers between 100 and 13I which are mul- 
tiples of 6. 

2. What Is the difference between S% of 75 and 5^ of 5^*? 

3. Express each of the following aa a fraction In simplest form 
2 0 ^ _ . 



4. 



5. 



7. 



8. 



9. 



10. 



K 2 0 
b. J . 3. 



2 + 2 

3 + ? 



2 S 
A rectangle has length Ip- feet and width ^ feet. 

a. Find its area. 

b. Find its perimeter. 

Draw a plctiore of a simple closed curve and a line whose 
intersection is 



a. one point 

b. two points 



c, thx^ee points 

d. four points 



Use one of the symbols or > and make a true state- 

ment about each of the following pairs of niambers. 



a. ^ , ^ b. 

Round the following to the nearest tenth; 
a. 0.751 b. 5.98 



0.3 



c . 



0.06 

0:05 



How long is a box if its voliame is 1001 cu.ft. and its 
width is 15 ft. and its height is 7 ft.? 

What is the difference in length between a I5OO meter race 
and a half mile race? _ 

In the figtire at the right: 

a. What is BdPIAE ? 

b. What is BCUCD ? 

c. What is ABPIDE ? 

d. What is cBU CE ? 

e. What kind of ang-ies are 
Z.ACB and Z_DCE ? 
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Chapter 1^ 
POLYGONS AND PRISMS 



Kinds of Triangles . 
In the figure below there are three points not on the same 
line. Three segments Join the points In pairs. 

C 




As you know from an earlier chapter, this figure Is called a 
triangle . This triangle Is the union of the segments JS, bG, 
and "Cfff. The vertices of the triangle are the points A, B, 
and C. 

If at least two sides of a triangle have the same length, 
the triangle Is an Isosceles triangle . Does a triangle having 
three sides equal In length meet the requirement of having at 
least two sides of the same length? Such a triangle, then, is 

also isosceles. All of the triangles below are Isosceles 

\ 

triangles : 




In the group below are all of the triangles isosceles triangles? 
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You may have noticed that each of the t:^iangles In the last group 
Is an example of an Isosceles triangle of a special kind. This 
special kind of Isosceles triangle Is calle:i an equilateral 
triangle . A.1 1 three sides of an equilateral triangle have the 
same length, 

A triangle is a scalene tr iangle If no two of Its sides have 
the same length. Each of the following is a scalene triangle: 




5 CM. 



4 CM. 



2- 



3 CM. 




1. 

2. 

5^ 



Exercises 1^^-la 

Draw a triangle in which each of two sides is one and one- 
half inches in length. What kind of triangle have you drawn? 

Draw an isosceles triangle that has an angle of QO^ , 

One side of a triangle is two Inches long, another is three 
inches long, and the third is one and one-half inches long. 
What kind of triangle is it? Why? 

a. What kind of triangle is 
shown at the right? 

X>. If "SB were made the same 
length as TT?, what kind 
of triangle would be forraed? 
Why? 

r 
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5, a. What kln:l of triangle is 
shown at the right? 
b. If X7' were shortened by 
half an Inch and triangle 
XYZ were redravm, what 
kind of triangle would It 
be? Why? 

6; Here is a drawing of a soda straw: ^ 
'Here It Is creased at two points, d 




0 










Q 


V 


V 


) 



ready to be folded so that the ends come together like this: 



What kinds of triangles can be represented In this way by 
folding the following straws at the points Indicated: 

a, \ f \ 



0 ^ ) 



0 ^ 



'I 



d. <i: 



2" 



2" 



\ 

\ 

\ 
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The point A Is on two of the segments of the triangle 
ABC and not on the third segment (namely, E?) . We say that 
the segment l£ the side opposite the vertex A. We also 

say that Is the side opposite the angle A. 



What is needed; 
What to do: 1. 



Questions: 



Experiment One 

An Important Pact About Angles In an Isosceles Triangle 

Ruler, pencil, drawing paper, tracing paper. 
Draw three Isosceles triangles of different sizes. 
In each triangle find the Intersection of the 
sides which have the same length. Label this 
point A. 

Label the other vertices of the triangle with 
the letters B and C. 

In one of the triangles make a tracing of ^ B 
and then see If the tracing will fit L C. Do 
this again for each of the other triangles. 
In each triangle name the sides that are equal 
In length. 

What angle Is opposite side ? 
What angle Is opposite side 

What do you notice about the measures of angles^ 
opposite equal sides in a triangle? 
This seems to be true: 

If two sides of a triangle are ? in length, then 

> in measvTC. 



2. 
k. 



the angles 



these sides are 
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Exercises l4-lb 

1. Name "a pair of angles with equal measures In each of these 
figures: / 




AB=BC HR=HQ XY=ZY 



(a) (b) (c) 

2. In the figures above, what angle Is opposite side BC ? What 
side Is opposite ? Wliat angle Is opposite side ZY ? ' 

What side Is opposite Z. X ? 

5. Are all equilateral triangles also Isosceles? Are all 

isosceles triangles also equilateral? Explain your answers. 



ll|-2. Converse of a Statement . 

One of the many ways to get new Ideas Is to write a state- 
ment about an old Idea and then change the words around according 
to the following plan: 

First statement: If today Is Monday then tomorrow Is Tuesda;^ . 

Sercond statement: If tomorrow Ts "Tuesday then toBa'y'ls Monday . 

Suppose we call the words undor lined once the "if'* clause and the 
words underlined twice the "then" clause. As the arrows show, 
the "if" clause and the ''then" clause of the first statement have 
been exchanged to produce the second statement. 

Interchanging the "if" clause and the "then" clause of a 
statement gives a new statement. This new statement Is called 
the converse of the first statement. In the above example, the 

111 

1 1 O 
J- -c U 



14-2 



second statement Is the converse of the first statement. .Also, 
the first statement Is the converse of the second. Note that If 
the first statement in the example given is true, then the converse 
is also true. Do you think that the converse of a; true statement 
will always be true? Study the next pair of statements: 

First statement: If Mary and Sue are sisters^ then Mary 

and Sue are girls. 

Second statement: If Mary anu Sue are girls, then Mary and . 

Sue are sisters. 

The first statement is true. Is the second statement true? 
Consider another pair of converse statements: 

First statement: If L a and Lb are vertical angles then 

La and Lb have the same measure. 

Second statement: If L a and Lb have the same measure 

then La and L b are vertical angles. 

We kjiow that the first statement, is true, but that its con- 
verse is not necessarily true. Thus, in the figure below, Z. a 
and Lh have the same measure but are not vertical angles. 




We can see from these examples, that if a statement is true, 
a second statement obtained from it and called its. converse may 
or may not be true. 

Could a false statement have a true converse? We can see 
that the answer is "yes" by referring to the last pair of state- 
ments again and interchanging them: 

First statement: If L a and Lb have- the same measure 

then La and ^b are vertical angles. 
(False) 

Second statement: If La and Lb are vertical angles then 

La and Lb have the same me a sure .(True) 
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Will the converse of a false statement always be true? , 
Consider the next pair of statements: 

First statement: If today Is Monday then tomorrow Is 

Wednesday . (False ) 

Second statement: If tomorrow Is Wednesday then today Is 

Monday. (False) 

To svuranarlze: The converse of a true statement may be true 
or false and the converse of a false statement may be true or 
false. Thus, we see that knowing the truth or falsity of a 
statement tells us nothing about the truth or falsity of Its 
converse. 

Exercises l4-2a 

1, Consider the statement, "if L Bl and Z_ b are right angles, 
then L di and ^b have the same measure." Write the converse 
of the statement and make a drawing to show that the converse 
Is false. 

2. For each of the following statements write "true" if the 
statement Is always true; "false" If the statexTient Is ever 
false. 

a. If Blackle Is a dog, tnen Blackle Is a cocker spaniel. 

b. If It Is night, then v/e cannot see the sun. 

c. If It Is July 4th, then It Is a holiday In the United 
States. 

d. If Robert Is the tallest boy In his school, Robert Is 
the tallest boy In his class. 

e. ' If an animal Is a horse, the animal has four legs. 

f. If an animal Is a bear, the animal has thick fur. 

J. Write the converse of each statement in Problem 2 and tell 
whethei** the converse is true or false. 

\. Read the following statements. Write "true" if the statement 
is always true; "false" if the statement is sometimes false, 
a. If a figure is a circle, then the figure is a simple 
closed curve. 
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b. If a figure Is a simple closed curve composed of three 
line segments, then the figure Is a triangle. 

c. If two angles have equal measures, then they are right 
angles. 

d. If two lines are parallel, then the lines have no point 
In common. 

e. If two angles are supplementary, then they are adjacent. 

f. If two adjacent angles are both right angles, they are 
supplemf3ntary . 

5. Write the converse of each statement In Prpblem 4 and tell 
whether the converse Is true or false. 

♦6. Write the converse of the fact discovered In Experiment One 
In this chapter. Do you think the converse Is true? 

The converse of a geometric statement often suggests another 
geometric^ ld6a worth studying. Earlier In this chapter you dis- 
covered the fact that If two sides of a triangle are equal in 
measure, then the angles opposite these sides are equal in measure. 
In the next experiment we shall see whether or' not the converse of 
this statement; is true.' 

Experiment ^o 

Another Important Fact About Angles in an Isosceles Triangle 

What is needed: Protractor, ruler, pencil, drawing paper. 
What to do: 1. Draw a segment 5(7 abo.ut five inches long. With 
vertex B draw an angle of 40^. 
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V 



Place the center point of the protractor on point 

\ ' . o 

C and draw another 40 angle as shown; 

C 

5. Extend the rays \intil they intersect. lAbel.the 
point of intersection P. 

1. In drawing triemgle CBF did you use sides of 
the same measure or angles of the same measure? 
Name the parts measured* 

2. Which side of the triangle is opposite angle B? 
Opposite angle C ? 

3. What fact about PCf and PB must be true for 
triangle PCB to be an Isosceles triangle? 
Measure 7S and 75 to see if triangle PCB 
is isosceles. 

to be true: 

If two angles of a triangle are ? in measure, 
then the sides ? these angles are ? in 
length. 

Exercises l4-2b 
(Class Discussion) 

Let us study another example of an important geometric fact 
which is obtained by taking the converse of a statement. 

1. WiPite the converse of the following statement which you 
studied in Chapter 13 . 

If a transversal intersects two lines in such a way 
that a pair of corresponding angles have equal measures, 
then the lines are parallel. 



40- 



Questions: 



This seems 
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To test the poaaible truth oV 
the converse, draw lineu m-, 
and , and transvernal t 
as In the figure . Are corre:'^ - 
ponding angles a and b 
^ongV'uent? Now draw any other 
transv€-r^al of ^rri^ - . ar.a rru. 



. rn 



a 




Ca.1.1 it t^. Meat3ure\fche 
angles in each pair of corrf^s^ 



pond.lng angles along t^, Ar*^ 
they congruent? 

Compare your results with those of your classmates. 

On the basis of this work, do you think the converse of the- 
statement in Problem 1 is true or false? 

Write the converse for the following statement. 

If a transversal intersects two lines in such a way 
that a pair of corresponding angles have different 
measures, then the lines are not parallel. 

Does the statement you have written seem to be true, or false? 
You can test your answer by making drawings as in Problem 2. 

Exercises l^^"2c 

Name two segmerjts of equal length in each of the following 
figures: (Do not measure the segments.) 



R 




B 



5 



z. 



H 



T 



C 



(a) 



(b) 



(c) 
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Draw a triangle which har.; two angles who;:-je mea::urei:3 are equal. 
What kind of triangle have you drawn? Name the equal side.'j. 

In the figure at the right 

these tv/o facts are known: n 



AB and 



DE 



are 



2. 



parallel . 
DC = CE. 



a. 
h. 
c , 



Why dOR3 vaLl = mL2 ? 
Why does mZ-J n\L2 ? 

Make a true statement about the measures 



of L 1 and L 



If the angles of the following figure have the meaaurera shown, 
what kind of triangle is triangle ABC? V/liy? 
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5. How can the property discovered in Experiment Two be used to 
show that a triangle having three angles of the same measure 
must be an equilateral triangle? 

6. Define the three kinds oi' "Criangles (scalene, isosceles, 
equilateral) by using angle measures rather than side 
measures • 



1^-5. Angles of a_ Triangle . 

In the preceding sections you studied spec ial properties of 
certain triangles. In this section you will learn about a 
property which holds true for all triangles. 
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Experiment Three 
The Sum of the Measures of the Angles of a Triangle 

What Is needed: Scissors, paper, pencil, protractor. 

What to do; 1. Draw a triangle on a piece of paper. Cut out 

the triangular region by cutting along the sides 

of the triangle. 




2. Cut the corners off the triangle and place them 
to form adjacent angles as In the drawing. The 
common vertex Is marked V. 




3. Use your protractor to find the sum of the 

measures of the three angles with vertices at V. 

Questions; 1. What Is the sum of the measures of the three 
angles of triangle ABC ? 

2. Did your classmates find the same result? 

This seems to be true; 

The sum of the measures in degrees of the 
angles of a triangle is ? 
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Exercises 1^-^ 
Do not use a protractor for the following exercises. 
1. Find the measure of Lx. 











-7-' — 



(d) (e) 

3. What Is the measure of each angle of an equilateral triangle 

4, Suppose one angle of an Isosceles triangle has a measure of 
50. 

a. Find the measures of the other two angles. 

b. Is there more than one solution to Problem ha ? 
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Find the measures of all labeled angles, (The two triangles 
In the flgvire are equilateral,) 





Draw a triangle, making each side from two to three Inches 
In length. Cut out this triangular region. Tear off the 
comers and mount the whole 
figure on cardboard or a 
sheet of paper. As shown on 
the right, place corners B 
and C around the vertex A. 
What do you observe about 
angle 1, angle 2, and angle BAG in this new arrangement? 

a. Draw a triangle making the 

largest side about 4 Inches 
long, one of the remaining 
two sides about 5 inches 
long, and the third side 
about 2 inches long. Cut 
out this triangular region. 
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b. Label the vertices A, B, 
and C In the Interior as 
shown In the drawing at the 
right, Mark off the midpoint 
of JS. Label the midpoint D, 
(The midpoint Is halfway from 
one endpolnt of a line segment 
to the other endpolnt,) Find 
the midpoint of KJ. Label 
the midpoint E. H5 and 
will have the same length, 
BE and 5? will have the 
same length. 

c. Draw a line segment Joining 
D and E. Fold downward 
the portion of the triangle 
containing the vertex B 
along the line segment 5e 
so that the vertex B falls 
on T^, Label the point 
where B falls on TfCf as 
G. The fold Is along the 
segment EE. 

d. Fold the portion containing 
A to the right so that the 
vertex A falls on the point 
C to the left so that the 
vertex C also falls on point 
G. The resulting figure will 
be a rectangle. 

e. Explain how this exercise seems to show that the con- 
clusion obtained In Experiment Three Is correct. 
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14-4. Polygons . 

In Chapter 7 you discussed the following requirements for 
simple cjLOsed curves: 

a. Tlie drawing starts and stops at the same point. 

b. No other point Is touched tvrlce by the pencil mark. 




Notice these things about the last three figures at the right: 

a. They are simple closed curves. 

b. Each Is the union of several segments. 

A simple closed curve .which Is a union of segments Is called a 
polygon . 

Perhaps you have noticed that the triangle Is a certain kind 
Of polygon. The name for a polygon depends on the number of sides 
which fonn the figure. A polygon with four sides Is called a 
quadrl lateral , a polygon with five sides Is called a pentagon , 
and a polygon with six sides Is called a hexagon . 




Quadrilateral Pentagon Hexagon 

In a qiiadrl lateral, two sides (segments) which do not inter- 
sect are called opposite sides . In the quadrilateral ABCD, SB 
and I5?J are opposite sides, as are T5 and 5?, 
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Exercises 



Which one of these three figures Is a simple closed curve? 




(a) (b) ^ (c) 



Which one of these three figures Is not a simple closed 
curve? 




(a) (b) (c) 

Which of these figures are polygons? Which one s not? 
Which i-equirement for a polygon does It fall tc meet? 




(a) (b) (c) 

Name each of the following polygons. 




(a)^ (b) (c) (d) 

/ 

/ 
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5/ Name three quadrilaterals in this figure: 



F 




6. In the figure at the right: 

a. Name a pair of opposite 
sides. 

b. Name a different pair of 
opposite sides. 

c. Name two sides that do 
not intersect. 

d. Name two other sides that 
do not Intersect. 



14-5. Parallelograms . 

A parallelogram is a quadrilateral whotje opposite sides lie 
on parallel lines. The figure ABCD below represents a parallel- 
ogram. Name two pairs of opposite sides. 




A B 

In the future, if two segments lie on parallel lines we shall 
speak of the segments as parallel. Thus v/e can say that the 
opposite aides of a pa.-'illelogram are parallel. 
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Exercises l4-5a 
(Class Discussion) 

1. Which of the fo.llowing figures are parallelograms, assuming 
that segments which appear to be parallel are parallel? 




2. Name three parallelograms in this figure: 
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Exercises 14-5b 

1. ,^The figure at the right represents a rectangular sheet of 
paper. (Notice that a rectangle Is a special klrd of paral- 
lelogram. ) Fold the paper as 
ahown and cut or tear It along 
the line of the fold. By 
laying one pleo^e on the other, 
show that the areas of triangle 
ABD and triangle BCD are 
equal. Is the area of one of 
the triangles equal to, one-half 
the area of the rectangle? Why? 



Draw a parallelogram ABCD and 
cut carefully along Its sides. 
Draw BD, a diagonal (a line 
Joining opposite vertices). 
Cut along this diagonal to form 
two triangular pieces. Lay one 
of these pieces on the other. 
What do you conclude about these 
triangular pieces? ^ 

Repeat Problem 2 using diagonal 
AC. 






Write a statement that appears to be true concerning the two 
triangular pieces formed by a diagonal of a parallelogram. 
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Experiment Four 
A Property of the Opposite Sides of a Parallelogram 
What Is needed: Ruler, pencil, paper. 

What to do: 1. Find a pair of opposite sides In the parallelo- 
grams dravm below. Find the length of each side 
in the pair. 




Fig. 3 



Fig. 5 



2. Make a copy of the table below. Record the 
lengths of the sides. 



1 

Number of 


Lengths of opposite sides: 


the figure 


First Side 


Second side 


1 


1'' 


1" 




.1m 




2 


2" 


2" 



Questions: 1. What have you discovered about the lengths of 
opposite sides of a parallelogram? 

2. What requirement have you found that a quadri- 
lateral must m.eet in order to be called a 
parallelogram? 

This seems to be true: 

The opposite sides of a parallelogram, are equal 
in length. 
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For the next set of exercises you will need a quick way to 
draw para lie lograiiis of different shapes and sizes. Hera are two 
ways to dp this. Follow the steps carefully with your compass 
and decide which of the two ways you like better. Be sure to 
answer the questions following the last step in each method. 

Method I 

Step One, Draw two intersecting lines. 




Step Two.\ Measure angle x. A short distance to th^^ 

right mark a point A. Slide the protractor to 
the right and make angle x' , the same size as 
angle x. 
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Questions: 

1. In step two, what kind of angla pair did you measure and 
mark? Are these angles equal In measure? 

2. Do you have two parallel lines after this step? What 
property says so? 

3. After step three, do you have another pa'.r of parallel 
1 les? How do you know? 

4. the resulting quadrilateral a parallelogram? Why? 

Method II 

Step One. Draw a line and mark two points on It. Call these 
points A and B. Open your compass a little and 
m?.ke two curves as shown. 




Step Two. Mark point C 
on one of the curves, as 
shown. Open your compass 
the distance AB, 




Step Three. Placing compass point at C make a curve as 
shown. Draw the segments indicated. 
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Questions: 

1. Are the opposite sides of quadrilateral ABDC equal in 
length? How do you know? 



seem to be? 

3. Complete this statement: If the opposite sides of a 

quadrilateral are equal in length then the quadrilateral 
is a _?_• 

How many examples will you need to show that this state- 
ment is true? 



1. Draw two parallelograms different in shape and size. 

2. If your parallelograms are drawn carefully, can you expect 
the opposite sides to be equal in measure? Why? 

3. In the parallelogram at the 



for Problem 1. What interesting fact can you discover about 
a certain pair of these angles? List the pairs that show 
this property and give their measures. 



14-6. Distance to a Line . 

Suppose you are in a leaky rowboat not far from a long dock. 
You must get to the dock quickly before the boat sinks] Which of 
the paths marked in the picture should you take? 



2. 



What specs^al kind of quadrilateral does figure ABDC 



Exercises l^-^c 
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/ I ^ 
/ I \ 

, ^ f -V 

DOCK 

Do you think segment S(7 in the diagram at the right Is the 
shortest path from point A to line BC ? Place your protractor 
as shown and measure angle ACB. Measure angle ACD, Do you 
agree that se^ent 57T Is not only the shor*cest path from golnt 
A to line BC but also forms two right angles with line BC ? 

In the future, the distance from a point A to a line ^ 
will mean the length of the segment which: 

1, forms right angles with the line, 

2. has the given point A as one of Its endpolnts, 
5* has Its other endpolnt on the given line. 

Below Is a picture of a street In town: \ 



\3 




Vhat Is the number label of the shortest path from the candy 
ptore to the grocery store? In the drawing at the right, which 
jsegment must be measured to determine the shortest distance 
tbetween the parallel lines ^/ and ? What Is the measure 
of angle ABG? of angle BAC? In the future^ the distance 
between two parallel lines will be the length of a special seg- 
ment. This segment, like 735, must meet the following require- 
ments: 
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1. It must lie In a line that makes right angle? with each 
of the parallel lines. 

2. It must have an endpoint on each of the parallel lines. 

Which of the above requirements is not met by EF ? By 7K ? 



We can slide a 'transparent 
I 

.A 



There are several ways in which we can find the distarice 
from a' point .A to a line . 
protractor along the line 
until the point A lies on 
the 90° ray. Then draw a 
line through point A perpen- 
dicular to ^ at a point B. 

Finally, measure the segment AB. - . q 



We could also use a rectangular sheet of notebook paper and 
slide this along until one edge passes through A. At this 

point draw TS, as in the 

I ~ — — — 

figure, and find the length . j 

of 7C5. 

Sheet of paper) 



To find the distance between two parallel lines ^ and 
select any point A on line ^ . 

At this point use your pro- < 

tractor to construct a line 
perpendicular to ^ v;hich 
meets m at a point B. 

<— 

Measure the segment SB. 



1 
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Exercises 14-6 



1. For/ each of these figures, find the distance from the point 
Q to the line containing segment TTB. 

Q- 




3. In tlie following parallelograms, find the distance from point 
A to side BC. 



A D 




Hi 
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4. 



Find the distance between the following pairs of parallel 
lines, jL and - 



m. 





(a) 



(b) 



(c) 



14-7. Proof , 

In the drawing of two parallel lines below, several segments 
are labeled. Is the length of one of these segments the distance 
between the parallel lines? 




Measure segments 5E, and EF. Do these .segments have the 

seune measure? 

You may have decided that these segments have a common 
cineasure. Then you can say that the distance between the parallel 
lines Is the same for each segment. Suppose many more segments 
/g^^ drawn with their endpolnts In >4 and tYi^X. each 

\egment lies In a line forming right angles with ^/ and . 
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Will these segments have the measure common to IE, "Ud, and EF? 
V If so, you can say, *'lt seems to be true that the distance between 
two parallel lines does not change." 

We can't be sure that the last statement Is^ true, but It 
does seem to be true. We can't be sure because the reasons for 
believing that the statement 1^ true are not good reasons. The 
reasons are: 

1, / The distances look the same, 

2. ' We tested the Idea with many correctly drawn segments 

and found the distance unchanged In every case. 

Consider reason number one. To 

C 

show that this Is a poor reason for 
belief, look at the figures below: 




D 



Without measuring, name the longer segment In each figure. Now 
measure the segments. Are you as certain now about the lengths 
rs you were before? Can you be sure about the lengths of seg- 
ments by simply looking at them? 

Now consider reason number two. If testing many times is a 
way to make sure of a statement, let's test this number statement 
many times : 

If you: 

1, multiply a counting number by the next smaller 
counting number, 

2, and add Hi to the product, 

then the final result will always be a prime number. 

The same idea may be stated this way: For a counting number n 
the expression n(n - 1) + 41 always represents a prime number. 
Do you think the statement true? How many tests are needed to 
show that the statement is true? 



1J6 
1 ^ ^ 
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Here are forty tests of the above number statement: 

After checking the table on 
the right are you sure that the 
statement Is true? It Is very 
likely that you have tested the 
number statement many more times 
than you did our geometric state- 
ment-. 

Now try Just one more test. 
Try the counting number 41. Is 
the result a prime? ..Try dividing 
the result by 4l. Does the 
expression n(n - l) + 41 represent a prime number for every 
counting number n ? 

To make sure of a certain property^ mathematicians follow a 
kind of plan called a^ proof . Many of the conclusions you re^^^^^ed 
In your experiments will be proved in future work in geometry. 
You will not be expected to do any proofs of your own this year 
but an example is included so that you may see how a proof is 
developed. 

One of the main parts of a proof lists certain rules or 
agreements that must be made before continuing the discussion. 
This part will be called "Facts Already Agreed Upon". 

Why must there be such a section? Suppose your team has 
Just scored a goal. "The score doesn't count] ", shouts a player 
on the other team, "I Just made up a rule that all scores must 
be made while running backv^ardsf" Can you give some reasons why 
certain agreements should be made before starting a game? For 
many of the same reasons there must be a list of "Facts Already 
Agreed Upon". ^ 

The following proof is planned 
to show that the measure of angle 
CAD is equal to the measure of 
angle B added to the measure of 
angle C. 

^ , I ^ — ^ 

DA' a 



Number 


Expression 


Result 


1 


i(o; 


) + 41 


W. 


2 


2(1 


I + 41 




5 


3(2 


+ 41 


^7 




M5 


\ + 41 


61 


5 


5 6 


+ 41 


71 


Complete this table 


through the number 59 


40 


40(59) + 41 


1601 


41 


4l(4o) + 41. 


7 




157 
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Pacts Already Agreed Upon: 

1. The requirements for supplementary angles. 

2. The sum of the measures of the angles In a triangle 
is 180. 

3. The letters a, b, c, i-epresent the measures of the 
angles of the triangle. The letter x represents the 
measure of Z-CAD. 

4. 180 - t\ is that number which added to a gives l8o. 



Statements 


Why the Statement is True 


1. X + a = 


ISO 


1. 


Angle CAD and angle CAB 
meet the requirements for 
.supplementary angles. 


2. iSC - a 


= X 


2. 


Item 4 In the "agreed upon" 
section. 


5. (D + c) 


+ a = 180 


3. 


The sum of the measures of 
the angles in a triangle is 
180. 


4. 180 - a 


a (b + c) 


4. 


Item 4 in the "agreed upon" 
section. 


5. X = b + 


c 


5. 


Steps 2 and 4 show that x 
and (b + c) are two names 
for the same number, l80 - a. 
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14-8. Area of a Parallelogram . 

A parallelogram, as you have learned, is a special type of 
quadrilateral. The opposite sides lie on parallel lines . A 
rectangle Is n quadrilateral. Is a rectangle a parallelogram? 

As you l-^ve already discovered, the opposite sides of a 
parallelogram have the same length. Which pairs of sides in the 
figure below have the same lengths? 




In the figure below, segment dE Is called an altltud"^ of 
the parallelogram. 




A parallelogram has many altitudes. The dotted segments represent 
altitudes of the same parallelogram but they are 5n different 
positions. When we wish to speak of the length of an altitude, 
we refer to the length as the altitude. You may have noticed 
that 15E Is also called the distance between the parallel lines 
AB and DC. The altitude of a parallelogram Is the distance 
between a pair of parallel lines of the parallelogram. 



/ 



14-8 



The sides between which the altitudes are drawn are called 
bases of the parallelogram. In the figure belov/, we say that 
altitude WH Is drawn between the bases Tffi and W. Sometimes 
we say that JS Is the base to which the altitude Is drawn or 
that Is the base to which the altitude Is drawn. 



R 



Exercises 14 -8a 

1. Polygon ABCD Is a parallelogram. 

a. Name the vertices. 

b. Name the sides. 

c. Name a pair of opposite sides. 

d. Is the distance between 
opposite sides the same 
whether measured between JS 
and or between and 
and 5? ? 




2. Name one base for each altitude In the following parallelograms, 
D 

A 
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5. 



T 



L 



M 



a. Name three parallelograms In the figure above. 

b. Is the measure of an altitude In one of these the same 

as the measure of an altitude In one of the others? Why? 

In the figure at the right: 

a. Name two parallelograms. ^ 

b. Name two segments either of 
which Is an altitude for 
both parallelograms. 




Experiment Five 
Finding the Area of a Parallelogram 

What is needed: Scissors, pencil, paper, straightedge. 

What to do: 1. Draw a parallelogram. Cut out the region 
determined by this parallelogram. 



2. Draw an altitude as shown. Cut on the dotted 
segment . 
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3* Without lifting either piece from your desk, 
slide the triangular region to the right and 
place It In the position shown. 

C 





Slide the two pieces together so that point D 
falls on po^t C and point A falls on 
point B. 

Questions: 1. V/hat special polygon Is suggested by the two 
pieces m their final positions? 

2. Is the area of this polygon the same as the area 
of the parallelogram with which you began this 
experiment? Why? 

3. Is the measure of the width of the rectangle the 
same as the measure of an altitude In the 

para 1 le logram? 

4. Is the length of the rectangle the same as the 
measure of the base of the parallelogram to 
which the altitude is drawn? 

5. In order to, find the area cf a parallelogram will 
you always have to cut It up as we have done? Why 

This seems to be true: 

Tile number of square units of area In a parallel- 
ogram is the ? of the number of linear units In 
the number of linear unite In the ? 

to this ^base. 

If we let A represent the number of square 
units of area In a parallelogram, b the number of 
linear units In the base, and h tne number of linear 
units In the altitude to this base, we may summarize 
our conclusion by the following number sentence: 

A = b • h 



1^2 

ll3 



.8 



Exercises l^.-8b 
Find the areas of the following parallelograms: 




Measure the bases and altitudes of the parallelogram below 
and use them to 'find "the area In two ways. How well do yo^.ir. 
results agree? Since measurement Is approximate, they may 
not be exactly the same, but should be close. 



/ 
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^, Find th- area of parallelogr^am ABCD. 



A ' 



-r C 



I" / 

----/ 



4. Find the area of parallelogram ABCD. 




Show that these parallelograms have the same area: 



\ 




♦6. Look at the parallelogram and x^ectcMi-ie below v;hlch have 
bases of equal length and altitudeB of equal length. 



/ 



MaJce a copy the parallelogram and cut it into pieces that 
can be reassembled to form the closed rectangular region. 



l4"9. Area c£ a Triangle . 

Consider any triangle ABC as shown below. We wish to dis- 
cover a way of finding the area of this triangle. Through C 
draw a line parallel to SB. 




A ^ B 



Through B draw a line parallel to Sc. 

C 



Label the point of intersection of the lines you have drawn with 
the letter S. 

The figure ABSC Is therefore a parallelogram. How do we 
know this? The segment through C perpendicular to line 

IS Is called the altitude of the triangle to the base SB. The 
length of altitude 7jQ, is the distance from C to line AB. 

What do you know about the triajiguiar regions ABC and 
SCB ? Since the interior of the parallelogram is made up of 
the two triangular regions, it follovrs that the area of 



tr'i^angle ABC Iti one-half the area of pa rvi 1 ie lopram AB.SC. Copy 
and '(Complete tne following statement: 

''"The number of square unit;; of area in a triangle is ? 

number of linear uiilts In the ? and 

the number of linear unit:^ In the ? 'o this base". 

ir we let A represent the number of square units In the 
si:'ea of a triangle, b the number of linear units in the base, 
and h the number of linear units in the altitude to this base, 
we may summai'.'ze our conclusion by the foliowing number sentence: 

1 



Any side of a triangle may b^ 



illustrated in the following figures, 
in three position s , us i ng ea.c h of it s 



cons_, dered a base. This is 

The same triangle is shown 
3 ides as a base. 



^' e, 

BASE AB 

ALTITUDE CD 

In the three figures 
in each c a s e , The b a s^ e ^k-, 
r^'v;l tion. Tne rslicwl. ng f 



BQ 



BASE CA 
ALTl'TUPE 
at ov- tl-io ha 
."■ no t: a Iway 
U'ur-. show 



A 



V: 



BASE BC 
ALTITUDE AR 

w a s s h o vm a s h o i z o n t a I 
1 1 o In a horizon t a 1 



BA 



:tu]:v 



sa:;:-: ac 

A!/?] Tr/Pi-: BT 



BAA ;C l-:C 



1 



Exercises Ik-Q 

1. Find the areas of the triangles shovm, using the measures 
given: 




(a) (b) 




(e) 



A right triangle has slder of 5 yards and 12 yards as 
shown. Find the number of square yards In Its area. 



5 YD 



\Z YD 



A certain house attic must have openings near the roof 
have a total area of 12 square feet. Th^s is needed 
good cooling of the attic. 
The house has two openings 
like that In the drawing. 
Is this attic well venti- r;:::^-'" 
lated? 

A stained-glass vdndow in a 
church is in the shape of a 
triangle. If its measurement:^, 
are as shown, what is the 
total cost of the window if 
T:he cost per square foot is 
$50 ? 



which 
for 




1^ 



m-io 



5. A man owned a rectangular lot 

150 ft. by 100 ft. Prom one ''^ 



corner A, there was a path 

to the point M In the center ! ' 

of the longer opposite side. I 

Find the area of the two 
pieces of the lot. 

Measiore the bases and altitudes in the triangle ABC and 
thus Ind the area of this triangle in three different ways. 
How wtil do your results agree? They may not be exactly the 
same but they should be fairly close. 



\ 

\ 



14^10. Right Prisms . 

In Chapter 12 you studied rectangular prisms. In this 
chapter you will study other kinds of prisms. 

Imagine holding in one hand a model of a taDle with a 
triangular top and holding in the ether hand a triangular piece 
of cardboard as in Figure 1. The cardboard and the table top are 
exactly the same size ar:i shane. 



X 



14-10 



- - ■■ ' ^ Figure 

I 

B 

Figure 2 represents segments which are su^^.geated by the 
table legs, the edges ox" the top, and the ed^cs of the cardbcarc . 
Which segments are suggested by the edges of the table top? What 
are the names of the segments suggested by t^ie table legs? By 
the Jdges of the cardboard? 

Not only segments, but several planes are suggested by the 
"table and cardboard" picture. The table top suggests a plane 
that is parallel to the plane of the cai-dboard. If the plane 
determined by points A', E», and is parallel to the plane 

dete.'Tnined by A, B, and C, then the labeled geometric figure 
needs to meet Just one more requirement in order to be called a 
triangular right prism . The requirement is that the quadrilaterals 
determl led by ABB»A', BCC^B», alid ACC»A' must be rectangles . 

The closed rectangular regions wnich are determined by: 

1. the edges of the table top 

2 . the edges of the cardboard and 

3. the edges which the legs suggest 

are called faces . The triangular regions are faces too, but they 
are called bases as they are used in this particular discussion. 
Points A, B, C, and C are called the vertices 

of the triangular right prism. 

If, 1\: place of using triangular regions for cases, we use 
the regions bounded b^v ott-^^r polygons, the resulting figures are 
other kinds of prisms. Can you de:.;crlbe a pentagonal right prism ? 



Figure 1 




Exercises 

For each of these right prisms do the follov»lng: 

1, Write the name In wcrds. 

2. Name the vertices. 

5. Name the rectangular faces, 

h. Na'ne both bases, with letters of their vertices. 

2 




It may seem from the drawing of the table that the bases of 
a right prism must lie In horizontal planes. The drawings below 
are Intended to show that the bases of a right prism may lie In 
planes that are not horizontal. 
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In t}..-> d:.^'3" ; ' 5 ^. l'. the right, 
the sides of vA'^.i^ ^^Zru'o^ frame are 
parallel plarsCo vno^Kr:! and ^ 

Mp. The ciirtaln ^oa v^: 
described as fltt:aiK exaccxy between 
the parallel pJar.^s. 

The length r^f tht.: rod repre- 
sents the distance between the 
two parallel planes and M^. 

The rod will fit exactly 
between the planes and In 

many other positions than that showr. 
This suggests that the distance 
between parallel planes, like the distance between parallel lines, 
is always the same. 

In a prism the distance between the parallel planes which 
contain the bases is called the height of tha prism. In a right 
prism the measiorement of an edge suggested by one of the table 
legs may be used as the height of the prism. 

Just as v;e have been using "area of a rectangle" to mean the 
area of the closed region determined by the rectangles, we shall 
use "volume of a prism" to mean the volume of the solid consisting 
of the points of the prism and the points in the interior of the 
prism. 
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One way to discover new ideas is to take a certain example 
for which measures are given and use these measures to obtain at 
least one test of the new idea. For example, in the figure belov. 
there are two pieces of cake with measures as given: 



2" 




2" 



Notice that these pieces are triangular prisms of the same shape 
and s:J.ze, By placing them together in the following way another 
kind of prism is formed: 




What reasons are there for thinking Figure 2 is a prism? It is 
not likely that you Kr.ow the name of this prism but if we sDide 
the pieces of cake along a little further, we get a prism that 
you should be able to name. 



14-10 





Find the volume of the rectangular prism. Is the volume 12 
cubic Inches? Since two of the triangular prisms make up the 
rectangular prism, what Is the voliame of one triangular prism? 

There is another way of finding the volunie of one of the 
triangular prisms without using a rectangular prism at all. Try 
multiplying the height of the triangular prism by the area of 
its base. Do you get the same result as before? 

While you have tested the following statement only once, you 
will find in future study of geometry that the statement is true 
for all prisms: 

The number of cubic units of volume In a prism is the product 
of the number of squtre units of area in the base and the niomber 
of linear units in the height. 

If we let V represent the niamber of cubic units in the 
volume of a prism, B the niamber of square units of area in 
the base, and h the number of linear unics in the height, we 
may summarize our conclusion by the following number sentence: 

V = B • h 



1. 




Exercises 1^-lOb 







T 




Pic. 21 


5" 




1 
! 


1 




J 


1 



a, 
b. 
c . 

d. 



Find the area of the base in Figure 1. 
Find the area of the base in Figure 2. 
What is the height of each right prism? 
What is the volume of each prism? 



155 



^10 



Find the number of cubic units of volume of each of the right 
prisms shown below: 

(a) (b) (c) 




Base area 
= 21 sq. In. 



A fish tank must have at least 12 cubic Inches of water 
for each fish of a certain kind. 

a. What Is the volume of the fish tank? 

b. What Is the greatest number of fish allowed In the tank? 




14-10 



5« At the zoo some animals in a certain cage drink a total of at 
least fifty cubic feet of water a day. Can the tank below 
hold a day^s supply of water for these animals? 




6. Make a copy of the following pattern. The copy must be drawn 
on stiff paper. The letters show which parts are to be pasted. 
The dotted lines show where the folds are to be made. 




What geometric figure is represented by this model? 



Ib5 

I-".: 
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Fold and paste a copy of this pattern- '^at kind of geometric 
figure Is represented by this model? 
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14-11. Summary ♦ 



In this chapter you studied many types of polygons. Polygons 
are simple closed curves whl<^h are the union of segments . 

Triangles were classified as equilateral (three equal sides), 
isosceles (at least two equal sides), or scalene (no equal sides). 

You learned of a new^way to think up Ideas with wnlcri to 
experiment. The plan Is to interchange the "if clause" and the 
"then clause" of a statement to get a new Idea or statement called 
a converse. Sometimes the converse of a statement is true arjd 



sometimes it is false* 

statement 

If /. a and L b are vertical 
angles 

then L a and L b have equ-Hl 
measures . 



Converse 

If Z. a and i- b nave equal 
measures 

then ^a and are vertical 

angles. 



"By experimentation you found each or tne following state- 
ments to be true. 

Statement: 

If two sides of a triangle have the same length, then 
the angles opposite these sides have equal measure. 

Converse: 

If two angles of a triangle have equal measure, then 
the sides opposite these angles have the same length. 



If If 

m = m S?---^^ rr. /_ A ^- n ^ E 

Then y Then 



An Important property you studied In this chapter was that 
the s\im of the measures of thi-i angles of a triangle Is l80 . 

In your study of polygons, you gave special attention to 
the parallelogram. Sone Important facts to remember about a 
parallelogram are: 

1. It Is a quadrilateral » 

That Is, It has four L^ides. 



The opposite sides are parallel. 
^/ Is parallel to ^- 
^ Is parallel to 



3 







The opposite sides of a parallelogram are equal In length. 

AD = BC D 
DC = AB 




You also learned In this chapter th' b the shortest segment 
from a point to a line is the one which is drawn perpendicular to 
the line and that two parallel lipes are alwa/s the same distance 
apart. Then you found that, while your experiments helped you to 
discover important ideas and test them, c wCx'-tain plan called a 
proof is used in making sure that a particular idea is true for 
all p^ossible cases. A 



The distance between a point A 
and a Una Is the length of the 

segment AB, where ABj^^ . 



n. 



The distance between two parallel 
lines and m Is the length of the 

segment AB where ABJ_-^ , and ABJ_m . 



B 



J 



An altitude of a parallelogram is the distance between a 
pair of parallel lines of the parallelogram. An altitude of a 
triangle is bhe distance between a vertex of the triangle and the 
opposite side . 



Ik. 11 
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1. In a t ian^;le three different altitudes may be cirav/n. 

2. In a parallelogram there are many altitude?; but only two 
possible m easures ."^or them according to the pair of oppo/' ':.e 

*,des between whloh they are drawn. 

5. ny side cf a triangle or parallelogram may be used as the 
base for an ali:ltude. 

You learned hC'W to find the area of a parallelogram and the area 
of a triangle : 

a. The r^umber of square units of area in a parallelogram 
Is the product of the number "^f lineai^ units in the 
base and the nu-nber of linear units In the altitude to 
this base. 

b. The number of souare unito of area in a triangle is one- 
he If zh3 proarc t nujnber of linear units :' n the 
base and the :": - o linear units in bhe altitude to 
this base. 

Finally, :i: r: --:* : i.---!. , - ..1 •■ ■ . " ::. M-v: 

re:ner:;he:" ai. ■i : ■ _• : . ' ; r'. . 

1. Its bases must lie in parallel planes, . 



2. Its bases must be exactly alike in size and shape . 

J. All faces, except the bases, mu:jt be rectangles. The 
bases in a rectangular prism, are also rectangles. 



1' 



4. The name of a particular right prism depends on the number of 
sides of a base. 




5. The number of cubic units of volume in a prism is the product 
of the number of square units of area in the base and the 
number of linear units in the height. 



14-12. Chapter Review . 

Exercises 14-12 

1. Classify each of the following triangles as equilateral, 
isosceles, or scalene: 




2. Write the converse for each of the following statements and 
tell ;vhether the convei^se is true or false. 

a. If a figure is a triangle, then the figure is a simple 
closed curve. 

b. If Z_ a and Lh are equal in measure, then La and Lb 
are corresponding angles. 

3. Find the measure of L x. Do not use your protractor. 




IcO 

1 - 
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4. In each of the following tell which segnient must be measured 
to find the distance from point A to line . 




(a) (b) (c) 

5. Find the area of each of the following parallelograms: 




(a) (b) (c) 

6. Find the area of each of the following triangles: 




(a) (l>) 



1/ 
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8. A cont;aI^*>z* in the shape of a prism Is 11 Inches high and 
holds one gallon. How many square Inches are there In the 
base? A gallon contains 231 cu. in. (Do you know the 
shape of the base?) 



14-13^ Cumulative Review . 

Exercises 

1. Write the set of factors of , 

2. Suppose I multiply two numbers together and get an answer of 
0. What can you say about the numbers I multiplied? 

3. Write DCXL in decimal numerals. 

4. Mark true or false: 

a. The number 23 is a prime number. 

b. The greatest common factor for any ,^o even numbers is 
at least 2. 

5. Write decimal fractions ror each of the following. Place a 
horizontal bar over repeating digits. 



7 u 1 



6. 




Classify each of the above angles as acute, right, or obtuse. 
Then find the measure of each with your protractor. 
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7. In the diagram at the right 
explain how each of the 
following acts as a separation: 



a. Plane 

b. Point 

c. EF 



GFH 
F 



/ 



8. 



9. 
10. 
11. 

12. 

13. 
14. 



By drawing lines through 
Point R (as shown) shew 
how to set up a one-to-one 
correspondence between the 
set of points on ST and 
the set of points on W. 



Find the number of cubic Inches in a box that is 1 foot 
long, 7 Inches wide, and ^ Inches high. 

Complete: The measure of an angle formed by two perpendicular 
rays is « 




State which of the following ratios are equal: 
68 760 h ^ ^ c ^ 



51 
17 



100 and als( 



Pei-form the following divisions: 

a. .0081 + 30 

b. 1,4048 + .08 

List the set of numbei-s which are less than 
multiples of both 3 and 7. 

According to the budget in the newspaper, the Mills family 
should not spend more than 21% of its monthly income on 
housing. The monthly Income of the family is $390. What is 
the limit they must set on housing cost per month? 
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A trunk Is shaped like a rectangular solid. Find the 
surface area if the length is 5^ ft., the width is 2^ ft. 
and the height is 2j ft. 

Find the area of the polygon ABCD shov.Ti below. 




How does the area of a triangle ABC compare with the 
area of a parallelogram ABDE ? 




Chapter 1^ 
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15-1, circles and the Cormaz^. 

You have already studied simple closed curves, such as 
parallelograms, rectangles, and triangles. You have discovered 
some properties of these special curves. Another simple closed 
cur-'e is a circle. Now you will discover some properties of 
circles. Have paper, pencil, ruler, and compass ready to use a 
you read this chapter. 

Choose a point near the ir.iddle of your notebook paper and 
label It P. Nov; use your ruler to make ten points, each at a 
distance of Inches from P and each in a different direction. 

Do these points sug.gest any geometric flgure'i' They should suggest 
a\circle. Where are all the points on your paper that are 3 
Inches from P ^ How many of these points are there? Can you 
locate them all with your ruler? 

There is a better v;ay to draw a circle. Use a compass. 

Open the arms of your' comoass so that the distance between 
the shaip point and tl^e pencil tip is more than 3 inches. 
Place the point on one of the inch marks oT 
your ruler and slov;ly close th.e pencil arm 
until the pencil point is 3 inches away. 

Place the sharp point ol' the compass 
on point P. 

Hold the compass by the hinp.ed top .:o 
that it leans slightly in tho direction in 
which you are going to drav;. 

Let thr^ compas." swing around the s>harp 
point :-o that the pencil traces a complete 
circle 1. ri a s i. i c c o n t \. n no u s s. w e e p , 






Point P is the center of the circle 
you have dravm. This circle may be called 
"circle P", as in Figure 1. Another way 
to name the circle Is ■ shown in Figure 2, 
where the circle is called "circle C". 
C repre_sen\:s the set of all the points 
of the circle^, not ."tust a single point. 



Figure 1 




Figure 2 
Label it point 




S. 



Choose one of the points of the circle. 
Draw segment PS. How long is this segment? 
Segment pS" is called a radius of the 
circle » A radius is^any line segment 
which joins the cent^^r and a point on 
the circle. Draw another radius. 
Cdll it FT. When we talk about more 
than one radius, we say "radii". 
PS and PT are radii of circle P, 
How many radii can a circle have? Do all radii of a circle have 
the same length? 

The word "radius" is also used to mean the length of a radius. 
There is only one length which is "the" radius of a circle, but 
"a" radius may be any line segment having the center and a point 
of the circle as its endpoints. 

A circle is a set of points. All points of the circle are 
at the same distance from a certain point called the center. The 
center doer, not belong to the set of points that belong to the 
circ le , 



loo 
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Exercises 15-la 



a . 
b. 

c . 

e . 
f . 

h. 



0 and radius 
Label It K. 



Draw a circle with center at 
Choose a point of the circle 
radius Uk, 
How long Is OK ? 

How long Is each radius of circle 0 ? 
Choose any point on your paper. Label it 
On ^ locate a point 2^ Inches from 
point T. 

Is T a point on circle 0 ? 
Is a radius of circle 0 ? 



a 

"2 
Draw 



Q . Drav/ OQ . 
0. Label this 



Draw four circles, each wi ch center at point 
radii ^ ' ' ^ ^'^ 



-IT 



but with 
inches . 



1 inch, 2 Inches, 2^ Inches, and 

Many designs are made with circles. Three are given here. 
Copy them and then make up some of your own. 





The compass has another use in 
It is used for measuring and copyln 
segment about 3 Inches long. 
Label the endpolnts M and N. 
Now look at segment AB drawn at 
the right . 

Open your compasb arms until 
the sharp point and the pencil tip 
touch tne endpolnts A and B. 



addition to drawing circles. 
; distances.^ Draw a line 
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V/lthout changing the dlstar ce between the compcis:; cirriG, place 
the sharp point on point M and draw a small part of the circle 
cutting MN. Call the point of intersection point Q. 



Since the length of MQ is the same as the length of AB, we 
can write MQ = AB. 

Elxercises l^::-lb 

The problems below will give you practice in using your 
compass to draw circles and to transfer distances. Read the 
directions carefully, and label each point, circle or line seg- 
ment before you go on to the next direotlon. 

1. a. Draw a circle with center X and r'adius 2 inches. 

Call it circle G. 

b. Choose a point on circle G. Label it Q. Draw a 
circle with center Q. and radius 1 inch. 

c. Draw a circle with center X and radius 1 inch. 

d. What is the intersection set of the two small circles? 

2. In this problem you are to copy some distances from the 
figure belov/. 

K L M N 

• — * > 



a. Draw a horizontal l'':e on your paper, and label a point 
P on the line near the i-ight arrowhead . 

b. Use your compass to locate point Q to the left of P 
on the line, ^o that PQ = KL. 

c. Locate point k to the left of P on the line, so that 
PR =• mi 

d. Locate p nt S to the left of P on the line, so that 
PS - KN. 

e. With Q as center and QG as radius, draw a circle. 

f. If your drawing is accurate, tliere v/lll be tv/o labeled 
points on the circle. Name the points. 



ioO 
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3, a,. Draw two Intersecting lines which are not perpendicular. 

Call the lines >/ and m. 

b. Label the point of intersection of the two line^ point E. 

c. Draw a circle, with E as center and radius 1 inch. 

d. What is the intersection set of the circle and line £ ? 
Label these points F and G. 

e. What is the intersection set of the circle and line :ti? 
Label these points R and K. 

f • Draw FK, 1^, and GH, 

g. What kind of figure does HFKG seem to be? 

4. Draw a line >/ and label points X and Y one inch apart 
on . 

a. Draw a circle A which has its center at X and passes 
through Y. 

b. Draw a circle B which has its center at Y and passes 
through X. 

c. Label Z as the o^ rier intersection of circle B and 
line / . 

d. Draw a circle C which has its center .--.t Z and passes 
through X. 

e. What is the intersection set o*; circle A and circle C? 

f. What is the intersection set of circle B and circle C? 



15-2, Interiors and Intersections . 

All simple closed curves have an inside 
and an outside, or an interior and ?.n 
exterior. To the left is . circle 
with center at point P and radius 
one inch . You have three sets of 
points on your paper. 

1. Points whose distance from P is one i;.":"'-^,: 

They are on the circle. Name two poi:it3 this 
c irc le . 
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2. Points whose ^.Istance from P is less than one inch. 

They ar .n the interior of the circle. Name two 
points li. uhe interior of this circle, 

5. Points whose distance from P is greater than one inch 
They are in the exterior of the circle. Name two 
points in the exterior ol this circle. 



Exerclaes 15-'^ a 
(Class Discussion ) 

Complete each sentence by choosing the best response, 



The set of points of the shaded 
region belong to 



6. 




(circle P, interior of circle 
exterior of circle P.) 

The set of points of the shaded 
region belong to /' 



(circle R, interior of circle R 
exterior of circle R. ) 

The center of a ^cii'cle belongs to the set of points called 

. (the circle, the interior of the circle, the 

exterior of the circle.) 

A point is in tne interior of a circle if its distance from 

the center Is the radius. (less than, equal to, 

greater than. ) 

A point is on the circle if its distance from the center 
is the radius. (lejs than, equal to, greater than.) 



circle .1-1' it;-j distance fro 
( icoo than, equal to, 



A point is in the extorvlor : 

the center : the radius. 

greater than . ) 

You have worked v;lth ".li-.^ ideas of Intersection and union cf 
two sets. A circle is an example of a set of points, 30 we may 
ask questions about interr^ect ' ons and ur: ' oni* l^T circle:: . 
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What is the Inter.section of Une AB 
and circle P? Remember that the 
intersection of two set:3 of pointc .13 
the set of all points corrjr.on to the 
two given sets. 

Points A and B are the only points comn^on to the line and the 
circle* We say ABrKcircle P) - (A,B}. 

The uriion of two sets is the set of all points which belong 

" <-> 

to either of the two given sets. The union of AB and circle ? 

Is every point of the circle and the line and^there is no easier 

way to name all these points except to say ABU(circle P). 

Kxercises l^-^b 
(Class Discussion) 

1^ ^ Draw a circle v;ith center at . P. 

Choose a point of the circle. Label 

— ^ 

it Q. Draw ray PQ. 

a. Are any points of the circle also 
on the ray PQ? 

b. V/hat is PQpKcircle P)?' 

Draw a circle v/ith center at P. 

Choose a noint on the circle, Label^ 

it Draw ray QP. How many points 

belong to the intersection of circle 
— > 

P and ray ? 

Draw a clrcl'/with center at P. I>-}t S be any other point 
in the same Alane, /(Draw the picr.ure. I;: iu the same as 
the plct'ires Vt^awp^Dy your cla:';sr",:ite::? ) 

a. How many points belong: to the : nt-:; r'sec tlon of the circle 
P and the ray PS ? 

b. How many points belong to '-h'-; (clr^ie P)nPS ? 
r.. Do your answers to parti: (a) ixvA (b) deperui upon where 

you located the point 53 ? 
d. How many points belong to ^:r.e i:et (circl<: PjOP.? ? 

Does your ansv/er dep^-^nd on r.he locatioi, -^f S ? Explain. 
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w.ltli ve,.'rllca.l ll.riv .• i.^f/ir • 1 1 1. 
SliaMf- t.iv^ t'." :• ! : : m' I ^ ■ • : ■ ; 
v; i. t i 1 }■] o I ■ .1 7. (.■) : 1 1 a I Mr)" , • . • ^ vii . - n ! . ■ , 
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Uli';' i lit" f !>.;:' aiisi - 'XL' -iM *!• 

cl r'r J - h ? 

\ . Whri 1,. 1 .: ■ I II 1 • ' t 1 > i[ ; . 

ana • :< i 1 r'- 

Are r<.' a dv v>-- > n i. , ■• '.-n t, : 
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.11-' 'j.'i ] ■ jri 



' . " '.ltd I L:- 1 iit.'^r1 or 

\< 1 !• i 1 i;;' l.r t,e r\] or? 
op-v; '1') y:-n^ pap-:r. 
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1 . In your' drav; \ , , f ; 
whoi'o boundary 1 

2. a. What, i.: Ih" ! n 

b. Doe;- A I.- L .'ri^: 
Dooj F ? i'^'>'.'.' 
G . flov/ ma f ly pc- 1. : 1 1.' 

j? . a. Choo3o two pijin 
to tn*' i ,:i t. ' I ■ 1 r' 

b. Cho^.^v poir;-. 
t lit"' Ui'w' ' r W:) o 

c. Draw tl"!',' -jiik]-' 
c\ rc a:!'i tiv 

. V/h>ar. i:; t hv- Int 



WAth/'^A ar. c-.?riter an l TTF a;-, r'a^lai;' .Ir-iw 
With ' '"'ntov ari'i BP aa ivilla;-, iaiw 

Wl'iat: ).,: ; n t^M V' ■•■ "M.. ! . a i .a" lait^ i.w,i -la<' 

Locate two a:L^;ar^aia: polrUa' P ana . i.'P'iw Mj- -l!'-'! 
with cerit-r' at P an i with .\>^;'r\"ul FT --a a !'-; il!ia. 
cirav/ ^ia^ air-lf^ with corjtoa at ari'.i w't:. P lai ti;- 

a. 'Vhar- la the 1 n t>?ra;ec t Ion o:" ^ai^-a^' -.a-; - ■ r^' 1 . ■ v lai^ 

Lha r- iv^ 1 n 'a- : :' a* :'a: r;; . 
^ . f^v'^w ■ ! ' wa! 'Mi aaa, f na ■ <a;.>ay a . ; !a \ ; - 

lntara..t-;a. Ion al' the t:w. ■ :-irna,..-. •; ir';:v; ::va'-; 

•aa- ;-aah l.i ::" . v;hy'; 
.: , In V'^ar^ pial^iae .aia ! a > a./ • • ■^ ! a : a-- la'.-o' 
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15-3. D iamete r.- . 

A dlamete' ..>r a cli'clo .1.- :i iir)-:' 
set^imen t; which contains the cer^ter oV 
the c i r 0 le and v/ho : > e end po 1 n t j 1 1 e o r ^ 
the circle. In the fif^ure, t .roe 
diameters are shown; AB, i»;N, ::id 
Ho^ many diameters can a circle have? 

The diameter 'jV c. circle is closel\ 
radius oV a c 1 1'c 1 ^i* . A r a d 1 lu" ±i\ a 1 1 n e 
on the circle a nd t h e other n<\po .5 ri 1. a t: 
radii are shown in the I'i^^ure? 

We use t h e v; o r d d 1 a rn e t e r In t v: o v; i 
r-?, d 1 u s , -J ome t; ' mo w e s a y " d i a r.-i e t e " t o 
and somecAme/' we jay "dlarr.eter'' to mean 
Fo r example, c o n : \ 1 d e r t n '.^ c 1 ix": 1 e a I' n v e . 
of the circle. We a ]. . o . ■ ii ^ h- ^ d 1 a met'?: 
inches. We c c i n ' i :;: ' .i a 1 L y t 11 f r :.) in r k : [) t 
give to t .he W'.j rd " ra < i 1 ii . 'V' - < r r:: " :i a me t v.* : 

A diameter' ' ;■ a :^^.'t o!' p-^\:-M.-, 'I'c 
another way. A o:' -.^ ''Mrcle i • 

radii v/hlch ar*-- . or^^vr*.:' ' :' .■::r>:? :;r 

tne d'amew'-r TTH ! :• '..r*; 'r;:-^:. 
Descrli.-:^ ' n:^ "r : ' :. 

the leaf la i • r^- • ' • ■ : • rir-:-* v;!':, 'r 








M ~ 

ar:;uc.w.:i;ed with the 
L " e i^^m r 1 1 w 1 u 1 1 ) n e e i \ p o .1 1 ) I 
t he c e n t e r . H w man y 

J ,jn;'t aa we are the v/ord 
rno;::i a part ! cu irir serment 
Ihu I'.Mifth or a se^::T;ent. 

V/'j -ay AB Ir. a diameter 
' or Lite c ' rc le Is 
or whl c h me a n l.n^ to 

-a;,- i. M^^K^r^l red Ir 
the a-yor A' rwo airrerert 
ia :ar-,^ 'M rar*.,' above , 
rai \ [ A"? an'.i PB. 
a' :,va ra i: ^ . Haw doer 
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15-^^ Tangent3 . 

The line ari-'i the clr'clo i.n the ri£'ure remand wj. o:' 

wheel resting on a track. Hov; many ^ .^^ 

points on the circle are also on the ^ 
line? There Is only one point. Uame / p 

it. V/e say that the line is tang:ent 
to the circle, if their intersection 
is a single point. This intersection 
is called the point of tan^ency . 



V 



D 



T 



Exercises l-j- 



1. Draw a circle and lino In the same plane :;o that their 
intersectioTi is: 

a. the empty set. 

b. one point. 

c. two points. 

d. four point:.;. 



2 . In wh 1 c h pa r ■ o Pro b 1 e r I 
3- In the figure to the rU^ht:; 



H o v; m a n ;/ 1 1 r e : : a r . 
\{ o v; m ;:i n \ ' 1 L n e . * r ^ : ' 
t; a e n t to t : v. ■ c 1 r 
Namo each t a 
It/ coin*, of r.r:nr-v 



A 



le ^v.ci 



1:! r:o t^i-irent ? 



U ^ Q 
1 



1 

o 
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c. Name all the Unu:.; wiiich are tfingerrc to the oir'cle. 

d. Name all the points of tanf.]ency. 

6. On your paper make a sketch o:' the figure In Problem . (A 
careful drawing Is not needeci . ) Draw the quadrilateral RSTU . 

a. How many Gidec of RSTU are segments of lines tangent 
to the clrc le? 

b. What is the intersection of the interior of the ci?-cle 
and the exterior of the square EFGH ? 

c. What is the I. n tersec ti ori of the exterior of the circle 
and the interior of the square EFGH ? 

d. What is the Intersection of th'^- interior oi" the circle 
and the exterior of RSTU ? Sriade this portion of your 
f ig'ure . 

7. Belov/ are several clrcJ.-.;. -iri i tanp^ent lines. The centers 
and points or' tanr'^nc;/ a:'e :;:;iPke'i. 




The line ,'.l:\l:.r M.- e':'ii c!^■.:.!^^ arvl tiie point of 
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Arcs . 



You learned tiiat a ^lr:£-le point on a .line .'--^eparater. ^:he 
line into two half-lines. This idea ci' se para tlon led yovi 
that on a line a single point determine.;, two riair-line:: . 

In the figure , does the :> Ingle 
point Q L^eparate circle P into 
two parts? riow many v _'ints do you 
need to separate a circle into f 
parts? " ^ 

The points M and N .-.epar'ate thC' ^ i I'de into two parts. 
One pa. c contains point A ^nd the other contains point E. It 
takes two distinct points to separate a circle Into two ditTerent 
parts . 

Each part a circle- totrether 
with its endpoints i.:- called cm arc . 
We use the syrribol " " x.o ropror;eMt: 
the word "arc." Vie use the eridpolntr. 
arjd another poir t on 'sv: .'irc to r;.'in:o 
it. is the arc :/lt:i --Kipo 

M a nd N v/h 1. c h c on t n 1 no 1 r 1 1 .'\ . 




V/hich pr)lnts re ion I 
Can we \\\\\ .1 r 

What o^her' r ■r:■:^y.^\ : 
Whr: t nre ■:rl^' '-r. \ v- ' 




Ib-o 



Using the cirav/ing at the right 
name a point or points ;vhich 
are on each of the following 
aroj. . Gtate which are end point; 

a. ABC d. FCI^ 

b. ACE . P^; 
c . a'd^ 

In the drawing to the rignc , 
the pair of point j A and B 
separate the point:; X and Y. 
Which of the marked points, IT 
any^ do the pair.: ol' point:" 
be low separate? 
a. A, Y c. ^. V 




Y 



Y 




■ io no Lnts A an 



Draw a ci r\'l-; . br^v: 
endpoints A -.irr-.i 
a . Into ho v; r: i a n y n . : ^ 
Gl-Glev 

b. Describe these arcs ir^ relation to the c ' :■: 

c. L-'-ibel a po.l at P on one of these arc/-. 

d. Doe:;> P separate APB into tv;o arc/v 
Doe.: P -eparate tse circle into two arcs? 
V: \t t\v: lnr':'r;;ec t D.>n of APB and "AB 7 



the circle ans label its 



eoarate the 



C'--r: t ra 1 A^irJ . 
Whenever' tri-.- e liv: 



ii'e ajso enaoo 




X 



In cne ch-av:'::;- the center c:' 



a . Na me two g e grr, ■ • : 1 1 v;h :. ; i . / 

c^re radii . - ^ >^ 

b. Nam-; tv;o sef ; : ■ v;:;.: - 

are diameters . 
0. fJame four :irc:: v/n! ■ 

jemic i rc le:; . 
d. Name i'our* 3r;rlt;;- v;:;:o:. 'ire 

2 . Look a t the : i rawi n.r of API^' 
a rid d e L e : 'rn 1. : . • h e l ' i 1 o '.v i r^i : 

d. ABcf^^^.'] -h. ABClJj^' 

3. Draw a circle v;ith radiM:- .'Tie incri. 

Choose :i point X on VA.'^ clrcie. U::e your- compa::-3 ana 
locate a point Y :.hat: t:v.^ Lf-i.--::. of XY Ir t:he -r.mo 

the radluo, Prav. '^;yT. 

y a. Hov/ ionp 1.- ea^^'. . - a XYT ? 

b. what kin.i of tolanrl-j ' XYT V 




, t c e r] u e r ■ 




Tn e i e n y- 1 h o i' a circle i g m uc n h a r d e r • *c • r::e :i o u r o . It: i the 
distance an ant v/ould travul IT lie :-t;ar'oed ar. a poinr, 
on t vie r. 1 !• c 1 e a nd c ra v/ lea on i: he circle 1 n t: h e arne d i e c 1 1 o n 
ur.cll \\e returned to his jtartir.r poinr:. The j ength of a circle 
1 c ailed it..; c j rc unfere::C e . 

One v;ay cf neaaurinr; '.-iie len^:t:h oV a jircie io to take a 
tape rr*ea.;ure -jr .Jteoi tape and bend t iuz-j che shape of your 
c ire le . 

Arr lhei* v/ay ia to mark a poinu 
A o n ;;o \xr circle and place A a t 
ohe zero point of your ruler. Let the 
circle roll along the r-ulei' ur^itll 
point A aF.ain touches the ruler 
The distance betv;een tlie^e tv;o ir.arks 
on trir- ruler J::- the sane as the c'r- 
c'um Terence ' the vj^i'cle. 

Melt her of these methods Is ss ea 
serrr-ent. Fortunately, there Is a line 
c i r c 1 e v; nose 1 e n f t h 
s Imple v/ay . It ■ 




a s in e a s u I' 1 n g a line 
Csient connected v;ith the 
i s re late :i t :s i e c i rcum fere nee in a ve I'y 
the d'aneter. You v;ill try tv/o experiments 



'o .i ca:i 



'\'er' this relationship 'Cor yO'Ui'^selT. 



tn 



: re I'u I i ' 



:pe r' l rne r:t _i. 

):::e a: d c: inis your results to class. 



'J . • -rs 



I Ti 



•Is'-y-'. oij'S^t.' oS i'ld'eroM: .:lse 'n your 
t ■;[)•;• ,■ ■ : to f i s i t:s"' le nf-tli of ea c ri c i rc le , 



t 



ir-:- , use piece of strlnr 

;o : hree s Ir-ular objects . 
■ [' -w' ^":> .:v c s:- , so mes ■ are 
; ' ■ ; : ::.ea.- ui'e . 



I 
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c . 



Make a l;* ■ ' o 1 Lk 


- r. i ■ 1 P 

^ V c ± * 








Name of 
object 


circjj^.i'er'rrico 


u 


- A 


1. watez' gla:;:- 










2. 












— 








One way to compare tv;o MUTiber':; I :i 
Find the difi'erence bet:v;oer: Lr.e cl 
diameter of each of vour c I I'-julc.'. r' 


t,o I'in.u thei 
rc unuV re r iC c 
ob.iec . V.'r 


<.n'i oho 
Ite r.r:v 





r e 3 u 1 1 r: in the col iir:. r ) 



Another v;ay 
Find the rrs\ 
tnls rat.lo •: 
Write your' re.:' 

Compare ::o b 
di f f ereric e:^ 

Compare c... la-'\'] 
appear to be t: 
of ea--h c : r:: ] - 
d i a me to r"? 



'J compare -V;o rri:::" 
o of ^ne circ '.imf-v 



Do part (::•) 
a. On 



b. Dr-.tv; 



1^ 

o 
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d . Mark a po In (I -r. y: .: 
it iii tan£:e::t to :\ 

e. Careru 1 ly rcll rh.- : Ir- 
ohe right: ?]o::r In-- .Ir' 
point; or the olr'.;h-^ v; L l 
a poi n r. of t:no 1 : : ;v . ■> 
luitil C orulr: touj::-:-.: 
1j ne . LV:Oo ] t:h ' / r -.y 

i' . Point D ' , • CO tv;-' •:. v;: 
UeciTial ( n'j:\:'e:- v. 
Dii yo'.;r c la .■ .--;a :'!:. 



i. 

o 

ERIC 
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The di£f::oi<-r of a c'rrle i 
c 1 repair fere ncr? f a circle !c 



then c ^ (1 • ~) 

or -;• ..^r 



The Nu.Tib'.^r t 



repeat:.:, C r. p u t r s ! ^. a e : ' ■:■ 1 ^ 
We rour.:: ^: ' i'-jlr:;ai to r-:»t ar. 



1, 



L 
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8. What is the cIrcunifHf ence (approximately) of a circular 
table whose diameter J*^>\7^feet? 

9. About how much fencing Is needed to enclose V circular 
flower garden if the radius Is 15 feet? ^ 

10. A wheel moves a distance of 12 feet along k track when 
the wheel turns once, What Is the approximate diameter 
of the wheel? ' 

11. Use the relationship c = ird. Copy and complete the follow- 
ing statements about c, tt , and d. 

a. TT = -I- b. ? = TT • ? c. = ? 

*12. Use the relationship c = 27rr. Copy and complete the 
following statements about c, tt, and r. 

a. ^ = ? b. r = 4- c. ^ = 7 



Exercises 15-7b 

1. Find the missing information about the circles described 
in the table." (Use V «5.l4.) 





Circle 


Radius 


Diameter 


Circiomf erence 


a* 


A 




10 in. 




b. 


B 


4.2 






c . 


C 






25 ft. 


d. 


D 




12.5 in. 





2. Using TT « -T^ J, find the following. 

a. The length of a circle whose diameter is Ih inches. 

b. The length of a circle with radius 21 feet. 

c. The diameter of a circle with circumference 152 inches. 

d. The radius of a circle with circumference kk feet. 

e. The circumference of a circle with radius 10^ inches. 

3^ The diameter of a circular tablecloth is 35 inches. 
What is the circumference of the tablecloth? 

4. A circular lampshade 12 inches in diameter needs new 

binding around the bottom. How long a strip of binding is 
needed? 



iBo 
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5. The circular track at Central High School has a radluG oV 
110 feet. What is its approximate circumference? 

6. A strip of metal 62 Inches long Is to be made Into a 
circular hoop. What will Its diameter be? 

7. A merry-go-round In a playground has a 15 foot radius. 
If you sit on the edge, about how far do you ride in one 
complete turn? 

8. A circle with a diameter of 20 Inches is separated by 
points Into 8 arcs of equal length. 

a. What Is the length of the v/hole circle? 

b. What Is the length of each arc? 

9. In the figure, A and B are the 
endpolnts of the diameter of 
circle G. If the diameter of 
circle G Is 8 Inches, then what 
Is the length of each semicircle? 

10. In th-) figure, circle C and circle 
D have the same center P. The 
radius of circle C Is 7 Inches 
and the radius of circle D Is 5 
Inches . 

a. Find the length of each circle. 

b. QYR Is one-fifth of circle C 
and arc SXT Is one-fifth of 
circle D. Find the length of 
QYR and SXT. 





15-8. Area of a Circle . 

Do you have a circular frying pan In your kitchen? Perhaps 
it is a "nine-inch skillet." The boundary of the frying surface 
represents a circle. The "nine-inch" tells the diameter of the 
circle. Have you seen electric frying pans that are square 
3haped? You may have both kinds of pans in your home. When 
you look at these two pans, you may ask v/hlch is bigger. In 



lc37 
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this caae bigger meani: more frying surTace. To answer the ques- 
tion you must compare the area enclosed by the circle with tlie 
area enclosed by the square. (For convenience you may ^^horten 
the "area of the re£:ion enclosed b^" '-he d.-'cle" to the "area of 
the circle.") 

The area of a square is relate ' j the measure of a side. 
If the square has 8~inch sides, what is itr.. aj*ea? If the side 
of a square has measure s, what is its area? V/e can write this 
as s where s means s x s. 

Do you think that the area of a circle if. related to the 
circumference or radius of a circle? It is. You can discover 
the relationship yourself. 



Exercises 13- 8a 
(Class Discussion) 

1. a. If P is the center of the circle, 
what is 5B ? 
b. The endpoints of diameter 
divide the circle into two 
semicircles. How does TVB 
divide the area of the circle? 




Each semicircle is now divided into 
arcs of equal length by rays of 
central angles which have the same 
measure. (You can do this v/ith a 
protractor. ) 

a. Into how many arcs is each 
semic ire le divided? 
j*b. What is the measure of each 
; cer^' angle? 

' c. Hov/ is PO or PB related to the circle? 

d. If the radius of the circle is r, how long 1 




AOB 
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Each semicircular re{''.ion i:: 
novj cut into pie-ohaped pioces. 
These are arranged that they 
look like L:aw- tec-th. . 

With b'- t:h semic ircula;' i'C[[.iot\'j 
cut in a tooth ra:.;hion, tiie 
pieces are fitted top;ether . 

a. Is the shaded are:; the 
same as the area oT the 
circle? 

b. The boundary alon^-; the top and bottom of this re^^ion is 
scalloped. If the scalloped curves were s tra .1 p:ht, the 

'shaded area v/ould be like the interior oV vjh-'': .-Implo 
closed curve? 

c. How long .is the scalloped Mi've from A to 13 

d. How long is BP ? 

a. How do you find the area ^ 
of a para lie logi'am? 

b. If ABCD is a parallel- 
ogram and AB ~ irr and 
BP = r, what is :lt.. area? 



6. If ABCD in Problem i:; para llelo,'-ram, and the raaius of 
the circle r, complete the following-';: 

a. Its base AB is . 

b. Its altitude BP is . 

c. Its ai'ea I:,: time;- . 

d. Its area is 



Hov; do you tiiink t^ie 
radius? 



I re a o i 



' 1 re 1 ( 



;late.-i to its 



The c X 0 r c .1 e s. a h o v ( vi r. '^^ t t i ic :t e ; ire rj 
is re la ted to the ra r] 1 1 j : ■. o f tri e c 1 : 1 e a : id t i i.; 
This statement can be written .in symbols a;: 



A of a c 1 rcl ^ 



11 r 



'It can be proved thril t;hl. 
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Now you can answer the problem about the fryinc pans. The 

nine-inch frying pan has a diameter of inches. Its radius 

Q o 2 

is inches. The number of square Inches In its area is '^{7^) . 

81 

This is the same as -jpr square inches , v;hlch Is nearly 65. 6 
square inches. The area of the interior oi' the nine-inch circular 
ski 1 let is nearly 65. 6 square inches . 

Remember that the area of the interior of the square frying 
pan v/as 6U square inches. Is there enough difference between 
the two pans to make a problem for the cook? 



1. A circular wading pool has a radius of 7 feet. What is 
its approximate area? 

2. V/hat is the area of a circle that is 12 feet in diameter? 

3. Find the missing information about the circles described in 
the table. (Use tt 3. 1'' . ) 



Circle 


Radius 


Diameter 


Circumference 


Area 


A 


20 








B 




8 






C 






0.003 






12 









. '--H-iich has the greater frying su^face--an eight-inch circular 
•skialet or a seven-inch square fi-ying pan? 

5. A circular drum-head is twelve inches in diameter. V/hat is 
the area of the drum-head? 

6. a. Find the area of a circle that has a radius of 3 inches. 

b. Find the area of a circle that has a radius of 6 inches. 

c. Complete the statement: The area of a circle that has a 
radius of 6 inches is about _ times as large as 
the area of nclvclf^ that has a radius of 3 inches. 

d. Hpw^does the area of a circle change it' the radius of 
the circle is doubled? 

e. How does the area of a circle change if the diameter of 
the circle is doubled? 
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7. What is the approximate floor area of a circular teni: that 
has a I'i foot diameter? 

8, What Is the approximate area of a circular mirror whose 
diameter is 3^ feet? 

Q. What Is the area of the region enclosed by a jemicircle and 
the diameter of a circle if the diameter is 56 inches? 

i. What Is the approximate area of the largest circle that 

can be drawn within a Ih foot square? 

9 

). The area of the circle is about 1^ of the area of the 



10. 



*11, 



♦12, 











//V 









''I 

square? 

A rectangular plot of land, 
ho feet by JO feet, is 
mostly lawn. The circular 
flowerbed has a radius of 
7 feet. V/hat is the area 
of the portion of plot that 
is planted in grass? 

The figure represents a simple 
closed curve composed of an arc 
of a circle and a diameter of 
the circle. The area of the 
region enclosed by this simple 
i(2losed curve, measured in square 

/inches, is 8""^ . Do not use an approximation for tt 
this problem. Keep the symbol tt . 
a'^: — ^Vhat is the area of the entire circle? 

b. How long is a radius of the circle? 

c. Hov; long is the straight portion of the closed curve 
represented in the figure? 

d. What is the circumference of the (entire) circle? 

e. How long is the arc represented in the figure? 

f. V/hat is the total length of the simple closed curve? 



in 
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The center of the longer circD.e lies on the shorter circle. 
The intersection of the two circles Is a single point. This 
point and the centers of the tv/o circles lie on one line. 
If the interior of the shorter 
circle is chosen as a unit of 
measure, what is the measure of 
the region Inside the longer 
circle and outside the shorter 
circle? 



15-9. 






Volume of a Cylindrical Solid . 

You have studied prisms, and 
the solids made up of the prisms 
and their interiors. You learned 
about their. volume and surface area. 

Now you v/ill learn about another set of points called a 
cylinder , and about a cylindrical solid made up of a cylinder 

and its interior. Instead of ^ 

having a 'rectangular region as a 
base, like a box, cylinders have 
circular regions as base^i. Tin 
cans , pipes , tanks , si los , and some 
drinking glasses, are examples of 
cylindrical shapes. 

. Figures 1 and 2 represent 
right cylinders. Figure 3 
represents a slanted cylinder. 

/ 

Slanted cylinders are seldom^"' 
used in ordinary life. You will 
study only right cylinders. 

You can find some oT the 
properties oT right cylinders by 
studying a model of one. 



Figure 1 



Figure 2 



/ 



J'lgur 



1^2 
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Exercises 15-9a 
(Class Discussion) * 

You need a tin can or some other three-dimensional model of a 
cylinder to help you answer the following questions. 

1. How many bases does a cylinder have? 
2;. What Is the shape of each base? 
5. Do the bases seem to have the same area? 
4.. Each base Is In a plane* Describe the position of these 
planes ♦ 

5. If the bases are horizontal, describe the position of the 
bases. 

6. A right cylinder v/lth Its bases 
horizontal Is pictured. Notice 
that a5 Is a line segment 
Joining a point on the edge of 
the upper base to a point directly 
below it on the lower base. 

a. Will the intersection set of AB and the cylinder con- 
tain all the points of AB ? 

b. Will this line segment aS always be the same length 
for a particular cylinder? 

c. If C is a point of the edge of the lower base but not 
directly below A, what is A^Ocylinder? 

(Try this with a ruler and a tin can, or other model of a 
cylinder, before you ansv;er the question.) 



A cylinder can be described by means of two 
lengths. These are the radius of the base of the 
cylinder and the altitude (or height) of the 
cylinder. The altitude can be thought of as the 
length of one of the segments lying in the lateral 
or side surface and Joining the two baseL-. of the 
cylinder. 
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How could you find the volume of a cylindrical solid? If 
the solid Is like a tin can and will hold water (or sand), you 
can fill It up and then pour the contents Into a standard con- 
tainer. For some cylinders, especially large ones, this method 
Is not practical . 

How did you find the volume of a box or rectangular solid? 
First you considered a prism one unit high. The number of cubic 
units In this solid Is the same as the number of square units In 
the area of the base. You saw that the measure of the volume Is 
the measui''e of the area of the base times one. Suppose the prism 
has an altitude of two units. Then the measure of the volume Is 
twice as much aa the measure of the area of the base. The 
measure of the volume is 2 times the measure of the area of 
the base. 




In general, if tho area of the base is B square units 
and the altitude of the prism is h units, thr i the volume of 
the prism is B • h cubic units. 

This method is also used to find the volume of a cylindrical 
solid. The measure of the volume is the measure of the area of 

the base tirrios the measure of the altitude. Since the base of a 

2 

cylinder represents a circle, its area is irr square units. 

2 

Therefore, the .volume is irr • h cubic units. Notice the kind 
of unit necessary to measure volmne. It is a cubic unit. 



2:.-i 
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There Is one basic principle which applies to rectangular 
prisms J to other prisms, and to cylinders. The measure of the 
voliame Is the measure of the area of the base times the measure 
of the altitude.' 

To compute the volume of a cylindrical solid, you multiply 
the measure of the area of the base by the measure of the 
altitude. This statement can be written in symbols as 

V = Tir^h 

2 

irr represents the area of the base which is 
a circular region, h represents the altitude 
(or height). The radius and altitude are 
measured with the same kind of unit. 

^For most of you it is probably better not to memorize the 
formula as such. You should learn how to compute the volume of 
a cylindrical solid. First you think of the geometrical figure 
and what it is you want to fin*;!. Then most problems of this type 
are easy. 

Exercises Ip-^b 
(Class Discussion) 



1. a. What is the area of the base of 

cylinder A ? 

b. What is the volume of cylinder A ? 

c. Is the number of square inches iri 
the area of the base of cylinder A 
the same as the number ol' cubic ; 
inches in the volume? Why? 

2. Whrat is volume of cylinder B? 
5. Vnat Is volume of cylinder C? 

k» Complete the following statements. 

a. The volume of cylinder B is 
, as large as the volume 

of cylinder A. 

b. The volume of cylinder C is 

times as large as the 

volume of cylinder A. 




1 

Z" 

r 
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6. 



A cylinder Is 8 feet high. The diameter of Its base is c 
feet. Approximately how many cubic feet are In the vol^ame? 

Find the volume of a cylindrical can that is 5 feet high 
and has a diameter of h feet. 



A "Q^^ to save some work time . When you have problems using ir 
It may be easier to use a decimal approximation for ir only at 
the last step of arithmetic. In this way lengthy decimals are 
avoided as long as possible. In the last problem you found 
,2 



3. 



TT 



V 

V = TT 

V = TT 



2' 
20 



. 5 

5 

or 



V« (3.1i|)(20) 
V « 62 . 8 



207r (This Is volume In terms of ir . 

Sometimes this form is preferred.) 



Exercises l^-gc • 
A silo (with a flat top) is JO feet high and the Inside 
radius Is 6 feet. Approximately how many cubic feet of 
green feed can It hold? (What Is its volume?) Use tt ^ 3.14 

The diameter of a tin can Is 6 inches and Its height J 
inches, ^hat is Its approximate volume? Use it ^ ^ , 

Information Is given for four cylinders. The letters r, d, 
h, and V are the measures of the radius, the diameter, the 
altitude, and the volume, respectively. Find the missing 
information. Leave your answers in terms of v. Example - 
IStt . 



r 


d 


h 


V 




10 


12 






2 


20 














2^ 
2? 


16 


1 



Harry has two cans of Juice. One can is Inches high and 

3 inches in diameter, the other is 3 inches high and H 
inches in diameter. Which can holds more Juice? 
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5. A cylindrical v;ater lank 1:: c r^/^,: iilr::. i:.- ; i :■ 
its base is 1 foot. 

a. Find the voluine (in cucic ■:'eeu) o:' 
hold. 

b. There are about gallon.; In h e^iM ; war--n. 
About hov; many galloii:; v/ili the t.an,c or' l::^.^ pvcL irj::: 
above hold? 

6. a. Find the volioine oi' a cylindrAoal v;n ■:lti'.Lio-; : . 

10 centimeters and the radium or v/nor:-,- ba/e J:: centi- 
meters. Leave your answer in ter\T;:; or tf . 

b. V/hat would the volame be ir the altitude wei'e doucled hnd 
the radius of the base v;ere left un':han.i^--dv Find che 
ratio of the larger volume ro the .-.mailer, 

c. What would be the voliune if tne raolu:: were ooub Led and 
the altitude v/ere left unchan^-- i? :^ind rn-- ra!:lo of zhe 
larger volume to the smaller, 

d. Wh^t would be the volume if the al::itude were doubled 
and the radius of uhe base were r^lso doubled? Find the 
ratio of the larger volume to tne smaller'. 

*e. Use your result., to help you comiplete the foi.^owing 
statements , 

1. 'When the altitude of a cylinler Is doubled, the 

V o 1 ume i s . 

2. Vlhen the radius of the base of a cylinder is douflea, 
the volume is . 

3. Wien both the altituae and the radius of the base of 
a c y 1 i n d e r- a r e '.1 o u bled, t h e \^ o 1 ^a.m e is . 

^7. A cylindrical tank has a i foot diameter. It 1 filled 

with water to a height of 20 inches. What is ■ the approx- 
imate volume of the water in cubic Iricheis? 

*8. Find the amount of water (volume in cubic inches) which a 

100 foot length of pipe will hold if the liMild^ radius of a 
cross section is 1 in-h. Use rrr ~ :> /I'l , (A cross section 
is shaped like the base. A cross section is the intersection 
of the solid and of a plane parallel to thtj planes of the 
bases,) 
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l^;-iO. S urface Area of a Cyllrhiirlc:: 1 Solia . 

Theri^ ar-^ two question:: you rr.ighc a.:k about the surface 
area cf a cyi.ndrical coilci.. 

1. What 1j the ..-.urface ai"-!.?:.: oi^ tt.c- curved part (the lateral 
area ) ? 

2. What Is the total :,;uri^ace area? 

The 'jotal area Is the lateral r;rea plu:; the area of the top 
base plu^:; the area of the bottom base. The areao of the top and 
bottom^^bace^i.^ are the i:ame. The measure of the area of each base 
is irr v/P:vre r :r. the neaoM-^- di' the radius of the base. If 
you knov; hov/ to find the lateral surface area, you also know h ; v; 
to rind the total area. The following experiment siiould help 
you to find the laterai area of a cylinder. 

rlxperlmen'^ 

I^or this exp-rdrr^ent you win nee'i a tin can and its paper 
label.. The ial:- i on tr.o can covers the lateral surface of the 
cylinder. 

^''uz tne label aior:^' its full hel;ds Lay the label out 
flat (as shown In the diagrams below). 



Complete the f ollowini' stas-rnent.^ . 

b. The ladel is made and printed in the shape of a 

c. The height :f the rectangle Is the of the cylinder. 

d. The length of t^> re -tangle l.s the of the base 

c i rc le o f the cy : nde m 

e. The ]■-■., ;th of the rectangle is the same as times 
th'"- ; : ameuei^ of the cyi inder . 
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f. The area of the rectangle, using the symbols ir , d, 
and h. Is . 

The area of the rectangle, using the symbols tt, 2 • r, 

and h is . 

h. Is this a true statement? "The lateral area of a 
cylinder is the area of a rectangle which will Just 
cover it. 

Did you notice these facts as a result of your experiment? 

1. The lateral area of a cylinder is the area of a 
certain rectangle. 

2. The altitude of the rectangle and the altitude of the 
cylinder are the same. 

5. The length of the base of the rectangle and the length 
of the base circle of the cylinder are the same. 

Now you know that the measure of the lateral surface area 
of the cylinder is the product of the measure of the circumference 
of the base circle and the measure of the height. We could write 
that the measure is 

27rr , • h or tt • d • h . 
Why are these the same? 

Not all curved surfaces can be treated in such a simple 
way. Think of the surface of a ball. Rectangular regions, or 
other flat surfaces. Just do not wrap nicely around balls. The 
areas of such surfaces can be found in other ways, but we shall 
not loarn about them this year. 

Exercises 1^-10 

(Use TT 5. 1^0 

1. a. What is the lateral area of a cylindrical water tank 

that is- 20 feet in diameter and 20 feet high? 
b. Find the total surface area of the cylinder, 

2. a. Find the D.aceral surface area of a cylinder whose 

altitude is 8 centimeters and the radius of whose 
base is 1^ centimeters. 
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b. Find the total surface area of the cylinder. 

3. Find the total area of a cylinder whose altitude Is 7 Inches 
and the radius of whose base Is 5 Inches. 

A small town has a large cylindrical water tank that needs 
painting. A gallon of paint covers abouf hoc square feet. 
How much paint Is needed to cover the whole tank If the 
radius of the base Is 8 feet and the height of the tank 
Is 20 feet? Give your answer to the nearest tenth of a 
gallon. 

5. If r is the measure of the radluc: of a ri,dii: cylinder and h 
is the measure of the altitude, then complete the following 
statements in terms of tt, r, and h. 

a. The area of one base Is 

b. The area of both base^ is 

c. The lateral area Is . 

d. The cotal area Is + 



15-11- Summary . 

The circle Is a simple closed curve In a plane. Each point 
of the circle Is the same distance from a certain point called 
the center. The center is not in the set of points that make 
up the circle, but it is in the same plane. 

The compass may be used to dz^aw circles and to transfer 
distances . 

A radius of a circle is one of the segments Joining a point 
of the circle and the center. 

A diameter of a circle is a line segment which contains the 
center of the circle and whose endpolr.ts are points of the 
circle.; 

The words "radius" and "diameter" are used to mean either 
the segment, or the length of the segment described above. 

A circle has many radii and many diameters. 
. If r is the measure of the radius of a circle and d is 
the measure of the diameter of the same circle, then d = 2 r or 
r 
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If the intersection of a line and a circle is a single point, 
.then the linei Is tangent to the circle. The single point of 
their interse'jCtion 1-s called the point of tangency . 

An- arc is, a portion of a circle. Two different points are 
necessary to separate a circle into arcs. ^ 

An arc is a semicircle if the endpoints of the arc are also 
endpoints of a diameter of the circle. 

An angle whose vertex is at the center of a circle is called 
a central angle . 

The length of a circle is called its circumference . 

The measure of circumference is 27rr or ird. 
22 

3.14 or can be used as approximations for the number tt. 

The area of a circle is tt times the area of a square whose 

side is the length of the radius of the circle. This statement 

2 

can be written in symbols as A = ttt . 

The measure of volume of a cylindrical solid is the measure 

of the area of the base (ttt ) times the measi,rre of the height 

2 

or altitude (h). In symbols V = ttt h. 

The total surface area of a cylindrical solid is found by 
thinking of the surface that a cylinder represents vihen it is 
flattened out. The lateral area is the same as the area of a 
rectangular region and each base area is the same as the area of 
a circular region. 

15-12. Chapter Review . 

Exercises 1^-12 

1. Complete the following statements. 

a. A circle is a curve. 

b. Any line segment through the center of a circle with its 
enapoints on the circle is a of the circle. 

c. The diameter of a circle Is as long as the radius 

of the Scime circle. 

d. A part of a circle is called a(n) ' 

e. The length of a circle is called its . 

f. A circle whose diameter is 5 inches has a radius that 
is inches. 
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2. 



5. 
6. 

7. 

8. 



10. 



11. 



12. 



g. A line that Intersects a circle In exactly one point Is 
called a . 

Draw three concentric circles In which the diameter of the 
smallest circle Is 2 Inches. 



5. Find the missing Information. Use ir wj.l 



r 


d 


c 


A 


14 




















51 




17.5 








IC 
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What is the circumference of a circle with a radius of 
inches? 

A circular flower garden has a radius of 12 feet. What Is 
its diameter? 

A wheel on Harry's wagon has a diameter of 15 Inches. 
What Is the circumference of the wheel? 

A circular fish pond has a diameter of 9^ feet. How far 
Is It from the center of the fish pond to the edge of the - 
pond? 

What radius should be used to draw a circle that will have 
a circumference of 22 Inches? 

a. What is the area of a circle whose radius Is 20 feet? 

b. What Is' the area of a circle whose radius Is 10 feet? 

c. Compare the areas of the two circles. 

A circular table top Is 27 Inches in diameter. What Is 
the approximate area of the table top? 

What is the approximate area of a circular mirror that Is 
21 Inches In diameter? 

The center-Jump circle on^^^basketball court has an Inside 
diameter of 4 feet. What 1^ the approximate area of the 
circ le? 
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13. Find the approximate volume of a cylindrical can that is 5 
Inches high and has a diameter of 4 ^inches. 

♦ 14. Ro\ind concrete pillars 14 inches in diameter and 18 feet 
high are used as supports for a boat landing. About how 
many cubic feet of concrete will there be in one of these 
plllara? . 



15-15. Cumulative Review . 

E xercises 15-13 

1. Which of the following statements is not true? 

a. The difference between any two prime nvimbers greater 
than 5 is always an even number. 

b. A multiple of a prime number is also a prime number. 

c. Zero is a^multiple of all counting niambers. 

2. Write the set of factors of 77. 

3. Express 26 as the sum of 2 prime numbers. 

4. What Is the least common multiple of 3. 6, and 12 ? 

5. The value of l-< is . 

6. Round each of the following as indicated. 

a. 0.04753 (nearest thousandth) 

b. 628.3849 (nearest hundredth) 

7. Perform the following operations. 

a. 16.532 X 100 b. 349-1 + 1000 

8. Find the rate of interest if the interest on $^500 for one 
year Is $112.50. 

9. What Is the cost of 15 candy bars at 3 for 25;^ ? 
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10. 



11. 



12. 



15. 



In the figure at the right, 
what Is 

a , 



baU^ ? 



b. 
c . 
d. 
e. 



bfUec ? 

EDIlAB ? 



AGPlDji ? 

deOfc ? 

f. DEll A ABC ? , 

In the figure at the right 




and 



'^2 ai'e two simple 
closed curves. 



a. 
b. 




Make a copy of this figure. 
Shade the exterior of 
with horizontal lines. 

c. Shade the In^^erlor of 
with vertical lines. 

d. Using the word "intersection'^ describe In words the 
region that 1*^ doubly shaded. 

Complete : 

a. 7.2 M. = cm. 

mm. .= cm. 

246 m. = ft. 

4i ml. = 4 ft. 



b. 
c . 
d. 



a. 
b. 

c_ 



Which of the above segments Is nearest the length of one 
centimeter? 
1^. How many pairs of angles in the ' 
drawing are 

a. adjacent angles 

b. supplementary angles 

c. corresponding angles 

d. vertical angles 
15. The distance from the center of a wheel to its circumference 

is 55 Inches. What is the circumference of the wheel? 
(Give answer .to the nearest inch.) 
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Chapter l6 
STATISTICS AND GRAPHS 



Gathering Data. 

"I always thought I was the shortest boy In my class," 

Harry Informed his father one evening. "But tomorrow I'll know 

\ 

We're going to be measured and collect Information about height 
of students in our class." 

The next day the students were measured and Harry was 
surprise^ to find that his height of 58 Inches was the same 
as one other- student and more than the height of two others In 
the classV The students found the heights In Inches of the 
fifteen boys In the class to be 59^ 65, 63, 56, 65, 58, 65> 
67, 57> 68, 61, 58, 59> 69, 64. They agreed that It would be 
difficult to work with these numbers unless they were arranged 
In some way. They listed them as In the following table: 

Heights of Fifteen Boys 



Boys 


Heights 1: 


A 


69 




68 


C 


• 67 


D 


65 


E 


65 


P 


. 65 


G 


6h 


H 


63 


I 


61 


J 


59 


K 


59 


L 


58 


M 


58 


N 


57 


0 


56 



Table l6-la 



.When such Information is arranged in a table it Is easy to 
answer questions such as those In the following exercise. 

Exercises l6-la 
(Class Discussion) 

1, Which boy is the shortest? 
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'2. What Is the height of the shortest boy? 

3. What .Is the height of the tallest toy? 

4. How many boys are 65 Inches tall? 

5. What dp you notice about the number of boys that are 59 
Inches tall and the number of boys that are 58 Inches tall? 

6. How many boys are more than 64 inches tall? 

7. How many boys are less than 64 inches tall? 

8. How many boys are more than 63 Inches tall? 

9. How many boys are less than 63 Inches tall? 

The pupils collected facts to answer questions that they 
had In mind. They were gathering data. The word "data" Is the 
plural of the Latin word "datum" which means "fact." Then 
"data" means "facts." 

Gathering data is one of the Jobs of statisticians. They 
prepare-ttables and charts of numbers which represent the data. 
The . tables and charts usually make it easier to understand the 
information which is contained in the data that have been 
gathered. 

A new Junior high school opened in 1955 with 500 students 
In 1956 the eirollment was 625; in I957 it was 1000; in 
1958 it rose to 1125; by I959 the school had 1250 students 
in i960, 1300; in I96I, 1390; and in I962, the enrollment 
was 1500. 

A table of such information adds to the ease of reading 
and of comparing quantities. 

Western Junior High School Enrollment 

Year * Number of students 
(Sept.) 

1955 " 500 

1956 625 , • 

1957 1000 

1958 1125 

1959 1250 

1960 1300 

1961 1390 

1962 1500 

Table l6-lb 
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Exercises l6-lb 
(Class Discussion) 

1. What seems to be the general trend in the enrollment of 
Western Junior High School? 

2. Find the Increase from each September to the next. 

3. In which year was the Increase (a) the greatest? (b) the 
smallest? 



Often It Is not possible to get certain Information every 
year. There may be Intervals of 2 years, 5 years, 10 years, 
or even 50 or 100 years, depending on the kind of Information, 
For example, the United States census Is taken every 10 years. 
The . following table shows the population of Arizona 6vei*y ten ' 
years In the period I890 - 196O. 



Year 


Official 
Population 


1890 


h — 

88,243 


1900 


122,931 


1910 


204,354 


1920 


334,162 


1930 


'+35,573 


19^0 


499,261 


1950 


749,587 


1960 


1,302,161 



Growth of Arizona 

Increase 



Population In 

nvimber of 
ten thousands 



(in ^ °^ 
Increase 
ten thousands) ^^^^j^g ^ ) 



9 
12 



33^ 



Table l6-lc 
Exercises 3.6-lc 

1. Copy and complete the. following; table from the facts given 

above . , ■ ' , 

Official - ^°Sii°o/" Increase (in ^ °^ 

Population- """^^^ °^ 



Year 



number or i-^„ ^-y,r.,,^^^^^\ Increase 
) t en thousands, ten .thousands ) ^^^^^^^ ^ ) 



1890 

tigoo 



88,24.3 
122,931 



9. 
12 



33^ 
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2. In which period was the Increase the largest? 

3. In which period was the percent of Increase the largest? 

4. In which period was the second largest increase? 

5. Was this the period in which the next largest percent of 
increase occurred? Explain. 

Use an almanac or other reference to find the Information for 
'the problems that follow. 

♦6. a. Find the population 'of your city or state for the 
years 1920, 1930, 19^0, 1950, and 196O. 
b. Do you observe a trend of any kind? 

*7 . a. Find the enrollment of your school In the last ten 
years . 

b. Is there a trend of any kind? 



l6-2. Bar Graphs . 

It is easier to understand a "picture" of a set of data 
than it is to understand a list of numbers. For instance, 
compare the following ways, first by a table, and then by a 
graph, of telling about the size of the six largest states in 
the United States. 

1. Table 

State Area in Square Miles ^^1^ ^^°^m^?^^ 

^ of. Square Miles 

Alaska 586,400 '59 ■ 

' Arizona 113,909 11 

California 158,693 16 

Montana 147,138 15 

New Mexico 121,666 12 

Texas 267,339 2? 

Table l6-2 

You may not be sure how the last column was obtained. 
Recall that a number such as 7000 may be thought of as 7000 
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ones, 700 tens, 70 hundreds, or 7 thousands. Similarly, a number 
such as 586,400 may be thought of as: 

586, 400 ones 
58,640 tens 
5>864 hundreds 
586.4 thousands 
58.64 ten thousands 
5.864 hundred thousands 

In ten thousands of square miles, the area of Alaska is 58.64. 
Rounded to the nearest whole ten thousand, the nvimber is 59. 

In. drawing graphs, you will need to express large numbers 
in a similar way. 
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2. Bar Graph, 



LARGEST STATES OF THE UNITED STATES 



Alaska 



Texas 



California 



Montana 



New Mexico 



Arizona 




Ten Thousands of Square Miles 



Source: THE WORLD ALMANAC, I962. 



Figure 16--2 
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Exercises l6-ga 
(Class Discussion) 

Look at the length of the bars In the graph to tell: 

!• Which Is the largest state? 

2, Hov* does Its area compare with the area of each of the other 
states represented? 

3* How does the area of Texas compare with the area of 
New" Mexico? 

4. What other facts can you read from the graph? 

Bar graphs use lengths of bars to represent numbers. They 
make It possible for the reader to compare quantities at a 

' quick glance. He can gain information about several numbers 
much fast^er~^than he usually can from a table. How does the 
graph do this? The following questions will guide you to the 

. answer. 

Exercises l6-2b 
(class Discussion) 

Examine the graph in Figure l6-2 to answer the following 
questions . 

1. What tells you what the graph is about? 

2. What do the numerals at the bottom of the vertical lines 
mean? 

3. With what number does the base line begin? 

.4. What niamber does the "30" represent? The "6o"? 

|5, What tells you the size of each state? 

(6, How wide are the bars? 

• 7. How wide is the space between the bars? 

8. a. Are the state names arranged alphabetically? 
^ b. How'^are they arranged? 

211 
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Notice that: 

1. A graph tells a story. 

2. A clear title tells what the stoi^ is about. Room 
is provided for the title. 

3« Squareo paper or graph paper is used. 

4. All units are' labe'.ed. Room is provided for all 
labels. 

5. The units are equally spaced. 

6. The names of the units are written to the left of the 
vertical line and below the base line. 

7. The ccale that is selected depends on the largest 
number to be represented . 

8. If the graph is a bai^ graph, each bar must be labeled, 

9. Bar graphs usually look the best when spaces between 
the bars are the same width as the bars. 

10. The bars are arranged in order of size. 

11. The source of the information is indicated. 

Exercises l6-2c 

1. " .-The following tab^e shows the number of states admitted to 
the United States in 50-year periods of our history. 

50-year Period Niomber of states admitted 



Make a bar ,";raph of this information by the following steps 

a. Select a sheet: of graph paper and decide how much space 
you wIIa use . 

b. Notice that there are five periods in the fable and 
thus. five bars will be needed. Plan to have space 
between bars and above ana below them. 



1751-1800 
1801-1850 
1851-1900 
1901-1950 
Since 1951 



16 
14 



2 



3 
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c. Examine the inrormation to find which is the lari:-,est 
number to be represented. 

d. Count the number of units in the space :vou have selected. 

Sometimes you will have as many spacer: as the 
largest number to be graphed. Then your Job is easy. 
If the number to be graphed is larger than the number of 
units, the following example will help you decide on 
the scale. Suppose you have 30 spaces, and i:he 
largest number to be represented Ls 511. 

511 _ yj 1 

If ^ each unit represents 17-^, the bar- will Just: fill 
the 30 spaces . 

If the unit is less than -^7-^, the bar will 
extend beyond the available space. 
^ The sensible thing to do is to round off the 17^ 

to the next larger convenient number. In this case, 
rounding to the nearest ten (17-^->20) is probably 
best. Let eacn unit represent 20. 

2. Prepare a bar graph to illustrate the enr*ollments in 
Hoover Junior High School. There are 350 students in the 
seventh grade, 300 in the el^^huh ^^rade and 290 in the 
ninth grade. 

3. Follov;lng are the heights of s ^me of the tallest structures 
In the United States. Prepare a vertical bar i^^raph which 
will compare their heights. 



Space Needle, Seattle 


V/orld»s Fair 


66o 


rt . 


Washington Monument, 


V/ashington, ' C. 




ft . 


Statue of Liberty, ?: 






rt . 


San Jacinto Monument, 


Houston, Tex. 


570 


ft. 


Empire State Buildinii; 


, i-Jew Yorl-: 


1250 


rt . 


Prudential Building, 


Chicago 


'.)01 


rt . 


City Hall, Philadelph 


la 


5'^d 


rt . 


Terminal Tower, Cleve 


land 


70o 





4. Prepare a bar graph to llluatrate the compariBon of the 
sizes of the world's largest cities: 



City 


Population 


Tokyo 


9,311,77^ 


London 


8,171,902 


New York 


7,781,984 


Shanghai 


7,100,000 


Moscow 


5,032,000 


Bombay 


4,146,491 


Peiping 


4,140,000 


Sap Paulo 


3,850,000 
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l6-3. Broken - Line Qraphs . 

A class kept a record of the temperature at 2 p.m. during 
their class period each afternoon for a vseek. They pictured 
their results as follows r 

TEMPERATURES DURING THE WEEK OF FEBRUARY 10 AT 2 p.m. 




Mon. Tuet. Wed. Thurs. 



Figure 16-3 




In the above graph one vertical line and one horizontal 
line are used ii\ such a way Lhat they resemble number lines. 
In this graph the horizontal line is used to tell the days of 
the week. Notice that the liner? for- days are equally '3p:ioed . 

The vertical line shows the temperature In degrees . liow 
many degrees does each vertical unit represent? V/e say that 
the scale Is one space for 4 degrees . 

Each dot on the graph represents the temperature for th.e 
day written directly belov/ it. The temperature for each is 
then read by following the horizontal line to the left to find 
where It crosses the vertical scale. 

After the dots are located on the ^^^raph, they can be 
connected by line segments. Then the ^^raph is called a broken - 
line graph . 

Exercises l6-3a 
(Class Discussion) 

1. From the graph tell the temperature at 2 p.m. each 
school day during the week, 

2. On which day was the lowest temperature recorded? 

3. On which day was the highest temperature recorded? 

4. Between which two days did the temperature rise the most? 

5. Between which two days did the biggest drop in temperatux'e 
occur? 

6. Could a temperature of 37^ be recorded exactly on this 
graph? Could its location be estimated? 
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Exercises l6-3b 

1. Prepare a Wroken-llne graph to show the following 
Information. 

Growth of Schools in Madison County 

Year Niimber of Schools ^ 
1920 4 
1930 6 
1940 10 

1950 17 
i960 25 

Source: Board of Education of Mariisott^ County . 

2. Prepare a line graph to show Babe Ruth's home run record 
as shown in the following chart. Source: THE WORLD 
ALMANAC, 1962. 

Number of year Number of 

^ Home Runs Home Runs 

1914 1 1925 25 

1915 4 1926 47 

1916 3 1927 60 
191 r 2 1928 54 

1918 11 1929 ^6 

1919 29 1930 49 

1920 54 1931 46 
.1921 59 1932 41 

1922 35 1933 34 

1923 41 1934 22 

1924 46 1935 6 
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3. Make a broken-line graph to represent the data In this 
table. Draw a broken line in blue for one party and a red 
line for the other. 

Popular Vote In Millions Cast 
for Presidential Candidates 

1928 - i960 

Year Republican Party Democratic Party 

1928 21 15 

1932 16 23 

1936 17 28 

19^0 22 27 

19^^ 22 26 

19^8 22 24 

1952 . "34 27 

1956 36 26 

i960 34 34 

Source: THE WORLD ALMANAC, I962. 

4, Complete the following table and prepare a broken-llne 
graph to represent the data. 

Population of the United States 

.1900 75>994,575 76 

1910 91,972,266 

1920 105,710,620 

1930 122,775,046 

1940 131,669,275 

1950 150,697,361 

i960 179,323,175 

Source: Bureau of the Census. 
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l6-4. other Kinds of Graphs , 

There are many kinds of graphs. Several kinds will be 
shovm, with help In Interpreting them. 



Exercises l6-4 

1. Circle Graphs are used to show comparison among parts of a 
whole and between the whole and Its parts. The area of the 
circle iTepresents the whole amount. 

How One Family Spends Its Money 




the graph to find the answers to the following questions 

How does the amount that the family spends on rent 
compare with what Is spent for food? 
How does the amount spent for rent compare with the 
amount saved? 

If the family Income is $6400, how much Is spent 
for each item mentioned in the graph? 



Examine 
a. 

b. 

c. 
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The following circle graph shows how one city budgets Its 
spending. 

Central City Budget 




.3. 



a. If 360° represents the total number of angle degrees 
around a point, how large Is each angle In the graph? 
Compare : 

(1) The amount spent for streets with the amount 
opent on welfare, 

(2) The amount spent for education with the amount 
for police and fire protection. 

c. The total income of the city in I96I was $3,19^,000. 
How much was budgeted for each item? 

A rectangular bar graph, sometimes called 100^ bar graph, 
is useful to indicate how a total is distributed. 

Marks in a Class 



15 



B 



25 %| 



15% 5% 



'a. 15^ of the class received a mark of A, etc. If 
there were 4o pupils in the class, find how many 
received each mark. 
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b . Compare : 

(1) The number of A's with the number of F's, 

(2) The number of Cs with the number of B's. 
(3^ The number of D's with the number of A's. 

c. Name two advantages of this kind of graph, 

Plctographs are. an Interesting type of bar graph. Symbols 
or pictures are used to represent a given number of units, 
as In the following pictograph: 

Receipts of United States Treasury 

19^0 Q 

1945 . ® ® ® ® G 

1950 ® ® ® ® 

1955 ® ® ® ® ® ® 

i960 ®®®®®®®® 

(T) represents $10,000,000,000 
Source: Tr*easury Department, 



a. What amount Is represented tiy (J ? 

b. What were the receipts '^ach year? 

c. How did the receipts In i960 compare with those 

m 1950? m 1940? 

Graphs can mislead you! 

Study carefully the following two graphs which were 
prepared In order to show the same facts. The second 
graph Is made from the first using only the top 
half of It. 
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Percent of Total Tax Spent on 
Highways in States A, B, C, and D 




states 
Figure 1 
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a. 



Where does the vertical scale start In 
(1) Figure 1? (2) Figure 2? 



b. In Figure 1, what Is the ratio of the length of 
Bar A to Bar D? 

c* In Figure 2, what Is the ratio of the length of Bar A 
to Bar D? 

d. What Incorrect conclusions could you draw from glancing 
at Flgui'e 2 and not examining the scale? 



.l6-5« Averages , 

If you received grades of 95, go, and 4o on the three 
mathematics tests In a certain- marking period, you surely 
would not want the teacher to use Just one of them — especially 
the lowest I The usual way to describe a set of data with one 
number Is to find an average. You may be familiar with one 
kind of average, but there are several kinds which are useful 
for different purposes. 

Arithmetic Mean 

When you find the average of a group of numerical grades 
by adding the grades and dividing by the number of grades, you 
accept a single number to represent the whole group of grades.. 
This useful average with which you are already familiar Is 
called the arithmetic mean or the mean. (When the word "mean" 
Is used In this chapter It always refers to the arithmetic mean.) 
For example, to find the mean of the three grades mentioned 
above, you add them and divide by 3. The arithmetic mean Is 



Now let us look once more at the heights recorded In 
-Table l6-la. This table gives the heights of 15 boys arranged 
In order from the tallest to the shortest. 

One number which describes these data is the average called 
the arithmetic mean. In this table the average height or 
arithmetic mean Is the sum of the heights, 93^, divided by 
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the number of boys. 

This average can be computed without arranging the dar.a in any 
special way. It is a commonly used measure. 

Here Is another way of looking at the arithmetic mean. 
Think of It as the single score you might have received in 
every test. If the total were equal to the total of the scores 
you "did receive. For Instance if you received marks of 80, 
70, 95, 60, 75, and lOO^ what is the average? Would six marks 
at the average give you the same total? 

You might .:plcture the marks in another way. 





20 > 




^ > 




. L 1 i J 



60 65 70 75 80 85 SO 95 JOG 



Figure l6-5a 

If the marks are pictured as distances from the m.ean, a chart 
such as Figure l6-5a shows how each score differs from the mean. 
The sum of the distances on the left should equal the sum of 
the distances on the right. Does it? 

Exercises 1 :5 - 5a 

1, Find the a,rii:himet 1 c mean of each of the following sets of 
numbers : 

a, 8*P>73, 67, 59, 7-; 73, 3l, 7^1 

b. 2116, 18?7, 2i43, 1865, 197^, 20^5 

2, One week a bus driver collected the follov/inr: number of 
fares: 208, 180, 180, 21i, and I95. v/hat was the average 
number cf fares that he collected? 

3, Jim bowled once a v/eek. His scores for six consecutive 
weeks were: I6l.*l^i3, 150, 172, I50, i07. Vfn.it: was his 
average score for the six -week period? 

22-': 
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4. A real estate development contains fJ.ve iot^a Ir. one tlock. 
The areas of the lots are as follows: 17,317 sq. f r . , 
18,7^0 sq. ft., 16,236 sq. ft., 19,052 sq. ft., and 
' 15*976 sq. ft. What is the average size of the lozz zo 
the nearest whole number of square feet? 

Median 

Another way of describing a set of data is by using, if 
^possible, one number such that half of the numbers in the grou 
are greater and balf of them are less than the number found. 
This number is called the median. 

To find the median of a set of numbers, we must firsr 
arrange them In order of size. Suppose the five boys in a 
certain class received grades of 100, 92, 85, S3,, and 30. 




Fi^re i6-5b 



Two grades are greater than 65; "w-j are less than 05. The 
median of the set then is 85, the score of the Twiddle pupi: . 

In the set 0/ heights given in Table l6-Ia the middle 
number is 63. This is the median of the set;. Half of the 
numbers are greater than 63 and half are less t^han 63. 

Does the size of the numbers at either end affect the 
median? No. This is in contrast to the arithmetic mean where 
all the numbers are added to flr.c tiie total. 
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Boys 


Heights In 


A 


691 


B 


68 


C 


67 


D 


65I 


E 


65 


P 


65 


Q 


64 


-i 


63- 


I 


61] 


J 


59 


K 


59 


L 


58 ► 


M 


58 


N 


57 


0 


56j 



7 boys are 

taller than 65 In. 



■MEDIAN 



7 boys are 

shorter than 63 in. 



Table l6-5b 

The median of a collection of numbers Is not always a 
nxanber in the collection. If there is an even number of items 
in the collection, the median is taken as the average of the 
two middle numbers. For exajTiple, consider these eight numbers 
8, 10, 11, 12, 14, 16, 17, 19. 

8 
10 
11 
12 
14 
16 
17 
19 



The average or mean of these two "middle" 
numbers is 13. The median for the whole 
set is then, 13. 



Consider another set of numbers this time with 
12, 13, 15, 15, 17, 20. 



6 members In it 



12 
13 
IS- 
IS- 
17 
20 



The average or mean of these two "middle" 
numbers (since they are both the same) is 
IS. The median of this set is IS. 
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Mode 

Which height occurs more than any other in Table l6-la? 
How many pupils have this height? This height is called the 
mode . 

In sets which you have studied such as the set of natural 
numbers, (1, 2, 3, 4, 5, ..,}, no number occurred in the set 
more than once. But in a set of data some number 'br.^umbers 
may occur more than once. If one number occurs in the get of 
data more often than any other number it is called the m^de. 
(We might say it is the most fashionable.) However, there may 
be several modes. In Table l6-la there was Just one. The 
number 65 occurs three times. But in the set of scores 
19, 20, 21, 21, 21, 24, 26, 26, 26, 29, 30 there are two modes, 
21 and 26. (These are equally fashionable.) If there had 
been another 21 in this set of scores, what would the mode 
have been? In Table l6-la if the pupil L were 59 inches tall 
how would this affect the mode? 

Manufacturers of clothing are Interested in knowing the 
mode of a set of numbers of articles of different sizes sold, 
namely, what size most people are buying. To them, this is 
a more important "average'* (a single number to represent all 
of the data) than the mean or median. 

Range 

Sometimes it Is useful to know the range , or the difference 
between the largest and smallest numbers in a collection. For 
instance, Jim^s scores on three tests were 78, 80, and 82 
and Joe«s scores were 60, 80, and 100. The median of each 
set iJ 80 and the mean of each set is 80. But the range 
is quite different. 

The range of Jim's scores waz 82 - 78 or 4. 

The range of Joe's scores v/as 100 - 60 or 4oi 
Which boy appears to be the most consistent v;orker? 

Let us now take two lists of test scores and find the 
arithmetic mean, the median, the mode, and the range. 
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Scores 
98 
95 
90- 
80- 
75 
66 

Total 504 



Range: 98 - 66 = 32 



■Median: 20_+_8o = 170 ^ 35 



Mode : There Is no mode . 
304 



Mean 



: ^ = 84 



Scores 

100 
100 
99 
97 
84 
75 
75 
75 
60J 



Total 765 



Range: 100 - 60 = 4o 



-Median: 84 
Mode : 75 



Mean: 



85 



Table l6-5c 



1. 



Exercises l6-5b 

Following is a list of test scores: 79, 94, 85, 8I, 74, 
85, 91, 87, 69, 85, 83. 

a. Arrange these scores In a table starting with the 
highest and ending with the lowest. 

b. Find the mode. 
kn Find the median, 
h. Find the range, 
is. Find the mean. 
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.2. The following annual salaries were received by a group of 

ten employees: $4,000, $6,000, $12,500, $5,000, $7,000, 
$5,500, $4,500, $5,000, $6,500, $5,ooo» 

a. Find the mean of the data. 

b. How many salaries are greater than the mean? 

c. How many salaries are less than the mean? 

d. Does the mean seem to be a fair way to describe the 
"average" of the data? 

e. Find the median of the set of data, 

f . Does the median seem to be a fair way to describe 
the "average" of the data? 

g. If one of the employees received $70,000 Instead 
of $7000, would this change affect:/ 

(l) the mode? (2) the mean? (3) th^ median? 

h. Do you see that the median may be ^useful in some cases 
because one very. large or very small number does not 
affect it? 

3. Following are the temperatures in/degrees Fahrenheit at 
6 p.m. for a two -week period in Kansas City. 
47, 68, 58, 8o, 42, 43, 68, 74, 43, 46, 48, 76, 48, 50 
Find the (a) mean, (b) median, (c) range • 



*l6-6. Grouping Data > 

If numerical facts are listed for very many students it 
is often inconvenient to list each one separc\tely. For instance, 
the Physical Education Department of George Washington High 
School measur^ed the heights of all pupils in the school. The 
heights of the members of the eighth grade class, measured in 
inches, were as follows: 59, 65, 59, 60, 63, 58, 62, 62, 59, 
61, 62, ^64, 59, 58, 61, 61, 62, 59, 59, 60, 62, 64, 58, 60, 

'61, 62, 64, 65, 64, 62, 62, 63, 64. 

In order to get a clearer picture of these data, we can 
arrange them in a frequency distribution > 
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Heights (in Inches) 



Tallies 



Frequency 



58 
59 
60 
61 
62 
63 
64 
65 



rm 




rm III 



3 
6 
3 

8 



2 



5 
2 



Totals 



33 



33 



Table l6-6a 



Exercises l6-6a 
(Class Discussion) 



1. What Is the range in heights of the pupils In this class? 

2. The median Is the score of the middle pupil. 

a. If there are 33 pupils In the class, which pupil 
is the middle pupil? 

b. If you count dovm to him from the top of the table or 
up to him from the bottom, in which "lieight group do 
you find that he is located? This is then the median 
height for this class. 

3. IVhich height is the mode for this class? 

If you are listing numerical facts about vex-y many students, 
it is often inconvenient to list each one separately. It is 
simpler to group the figures in some such way as this: 
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Height In Inches Niimber of Pupils 

67 - 69 12 

* 64 - 66 . 17 

61 - 63 i+2 

58 - 60 57 

55 - 57 33 

52 - 54 14 

Table l6-6b 

In order to find the median, first find the total number 
of pupils ^nd divide by 2. The sum of 12, 17, 42, 57, 33, 
and 14 is 175. ^ Qj^. The middle person will be the 

88th person counting from the top or bottom. If we count down 
from the top, 12 + 17 + 42 = 71. We need I7 more to reach 
88. Counting down 17 more in the group of 57 brings us to 
the median. Since the 88th person is within that group, we 
say that the median height of the whole group of pupils is 
between 58 and 60 Inches. Since the 88th person comes 
before we reach the middle of that group as we count down, we 
might' say that the median height is likely. t- be nearer 60 
than 58. 

Let^s check our work and count up from the bottom to the 
88th person. l4 + 33 = 47. We need 4l more than 47 to 
make 88. We count 4l more and that takes us into the upper 
part of the group of 57, Just as we found when we c ;ated 
down from the top. Again you find the 88th person in the 
group of 57 whose height is between 58 and 60. Ihus the 
median height of the group is between 58 and 60 Inches. 



Exercises l6-6b 

1. Give an example in rhlch the principal of your school might 
choose to group data rather than list all the individual 
items. 
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2. a. Find the median of the following age groups, 
b. What Is the median age? 

Ages In. Years Number In Group 



27 


- 29 


35 


24 


- 26- 


48 


21 


- 23 


68 


18 


-, 20 


18 


^5 


-17 


9^ 


12' 


- 14 


53 


9 


- 11 


73 


6 


- 8 


26 



3. The following set of figures gives the maximum dally 
temperature for a month In Central City: 
62, 7^, 53, -91, 68, 84, 75, 76, 8o, 77, 68, 72, 71, 86, 
82, 74, 55, 72, 50, 63, 51, 52, 61, 67, 58, 53, 64, 69, 
71, 59, 84. 

Find the median by grouping, using Intervals of 5, namely: 
59 - 54, 55 - 59, etc., to 90 - 9^. 



16-7. Summary . 

The subject matter of statistics deals. In part, with 
collecting data, putting the data In table form, and representing 
the, data by graphs. The tabulating and graphing of the data 
should be dont in such ways that the story told by the data can 
be easily understood. The broken-line graphs, bar graphs, and 
circle graphs are Just a few of the kinds of graphs that may 
be used. 

The next time you see graphs or tables in magazines, news- 
papers, or your social studies book, look them over carefully. 
If averages are mentioned, be sure to note which average is used. 
Whenever the kind of average used is not stated, you have a 
rlghu* to question whether the average used gives the best 
representation of all the data. 

To help you recall the new terms you have used in working 
with st<atlstlcs, they are listed for you: 
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Range — difference between largest and smallest number In 
a list. 

Arithmetic mean or mean — the sum of all the numbers In a 
list divided, by the number of Items In the list. 

Median — the middle number when data are ordered either 
from smallest to largest or largest to smallest. 
When there Is no one middle number, the average 
of the two middle numbers Is the median. j 



Mode—the number occurring most , in the list of data. 
There may be several modes. 

Frequency distribution — a method of arranging data in 
order to tell how often a single number or a 
particular group of numbers appears. 
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10-8. Chapter Review . 



Favorite Sports ol' Girls at Pine Lake Camp 



1. 

Swimming 



Horseback 
Riding 



Canoeing 



Archery 



Tennis 




40 60 
Number of Girls 



80 



(00 



a. What , general story doe;j the gi'aph tell? 

b. What unit is used on the horizontal scale? 

c. How many girls Indicated each sport as their favorites? 

d. Which sport is most popular? 

e. Compare the popularity of: 

(1) Swimming to canoeing. 

(2) Swimming to archery. 

(3) Horseback riding to canoeing. 

2. Draw a line graph to r^rproccnt Jlin^z inonthly earnings during 
his school yeai^ as shewn by Lhc t.cibie: 
Month: Sept. Oct. N'ov. Dec. J-m, Feb. Mar. Apr. May 
Earnings: $10.50 $15.C0 . > • I y A;: -. CO 4n.8.00 $14.50 $5.00 $3.00 



l6«8 

3. Round off these numbers to the nearest thousand. 

a. 5^29 c. 3099 

b. 14,857-^ d. 154,828 

4. Draw a bar graph to Illustrate the comparative enrollment 
in the six ,i.*ades of Roosevelt High School: 

Grade Enrollment 

7 413 

8 401 

9 628 

10 576 ... 

11 549 \ ^ 

12 455 

5. The following marks were earned by the students in a \ 
mathematics class: 

81, 72, 94, 90, 86, 85, 92, 70, 83, 71, 89, 95, 85, 97, 62. \ 

a. Arrange the numbers in order. Wlnat is the range? 

b. What is the mode? 

c. Find the arithmetic mean. 

d. What is the median? 

e. If the mark of 62 had been 22, would that have 
affected the median? the mean? 

♦6. Draw either a bar graph or a line graph to illustrate the. 

production of ice cream in the United States in the given years 



Year Millions of Gallons 

1945 ^77 

1947 631 

1949 558 

1951 569 

1953 602 
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l6-9. Cumulative Review , 

Exercises l6-j 



1. Find the greatest common factor of 8, 12, and 30, 

2. The base two numeral for the number twelve has how many 
digits? 

3. What Is the. Intersection of the set of whole numbers between 
1 and 11 and the set of even numbers between 5 and 15? 

l6 8 

4. Find the simplest numeral for ^ divided ,by 

, 5. (What is the largest number 
of rays Indicated In this 
diagram? 

2 

6. What is the reciprocal of --? 

y 

7. Explain one way of determining If f = is a true statement. 

8. If the length ff a line segment Is measured to the nearest 
^ Inch, what Is the greatest possible error? 

9. Find 75^ of 14. 

10. Write another name for ^ * ^ * ^ ' ^ ' ^ ' ^ using an exponent. 

11. If two angles of an Isosceles (^iangle measure 64 and 
58, what Is the measure of the tt^lrd angle? 

12. Which of the following averages will always be one of the 
original data? Mean, Median, Mode. 

13. Lenore has a picture negative 4 Inches wide and 6 Inches 
high. She wants an enlargement that will be 10 Inches 
wide. How high will the enlarged print be? 

14. Find b so that the statement Is true: 

18 b K ^ - 2^ 

15. A passenger ship can travel at an average rate of 23.8 

~ Imots (23. 8 'nautical miles per. hour) . How long does It take 
this ship to travel between two ports that are 345-1 
nautical miles apart? 
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16. 



Vftiat le the measure of iL X in this figure 




17. Write each of the following in decimal fom 



b. Pour hundred five and seven hundredths 

18. Round each of the following, as indicated, 
57^539 (to the nearest hundred) 
b» 685,750 (to the nearest thousand) 

c. " 15.0365 (to the nearest hundredth) 

d. 0.0951 (to the nearest tenth) 



a. 



Seven and sixteen- thousandths 
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obtuse, 92 
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of addition, 273, 3 3, 3 

of multiplication, 267, 273, 373, 3 '^^ 
averages, 223 

arithmetic mean, 223 

median, 225 

mode, 227 
axes, 307 
axis, 307 
bar graphs, 208 
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coordinate geometry, 3l6 
coordinate pair, 350 
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surface area, 193, 193 
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between two parallel lines, 132 

between two points, 330-33'^, 3^0-3^1? 

to a line, 131 
distributive property, 26?, 2/3, 3V3, 37^ 
division 

by powL jf ten, 386 

of negative nuinbers, 268-270 

of rational numbers, 268-270 
English system of measurement, h03 

conversion to metric units, ^i07-^^08 
equation, 2','9, 284, 296, 318 
equilateral triangle, I08 
error, greatest possible, 19 

exponent, 38o, 3B7, 388, 390-391, 39^i, 397, 399-^01 

negative exponen^.3. 388 
exterior of circle, 170 
fathom, 9 
foot, 8 

formulas, 287-288, 297 
frequency distribution, 229 
graphs, 208, 292, 297, 318 
bar, 208 

broken-li^ie, 215 
circle, 2I9 

eSraphing solution sets cf sentences, 292-294 

graphs in the plane, 316-320 
greater than, 2^3 
half-line, 2^5 

negative, 2^5 

positive, 2^5 
half -plane, 311 

left half-plane, 311 

lower half-plane, 311, 

right half-plane, 311 

upper half-plane, 3^1 
hand, 8 
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y hexagon, 123 
\ regular, I76 
hypoten'ise, 336 
identity element 

for addition, 273, 373, 374 

for multiplication, 267, 2,3, 3 3, 374 
inequality, 284, 296 
infinite decimals, 366^370, 37^^ 3 6 
integers, 2^5, 37-*' 

negative, 2'^^ 

non -negative, 2-9 

positive, 

set of, 245 
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Intersection of cL-cles, 171 
Inv/erse 

additive, 25^^ 273, 3 3, 37'^ 
multlplicat • ve, 271, 2 3, 3-3, 3 4 
irrat.l-^nal niimbers, 362-363, 366-370, 3,6 
and infinite decirrials, 36b-370 
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isosceles triangle , 107 

angles in, 11^ 
kilometer, hok, 405 

lateral surface of a cylinder', 19 '^"'f' 
left half -plane, 311 
length, 5 

of a circle, l8l 

same length, 2 

standard units of, 8 

unit of, 2 
less than, 2^3 
light year, 4o3 
line 

dlstai;:^e between two points on a line, 330-332 

through the origin, 3l8, 323-327 
lines in a plane, 8o. 9^ 

intersec ting, 8o, 9^^ 

parallel, 8o, 99, 101 

skew, 80 
lower half -plane/ 311 
mean, 223 
measure, 5 

measure of an angle, 75, 77 

median, 225 

mega, 4o6 

megacycle, 4o6 

meter, 9, 4o3, ^Oh , 405 

metrlj system, 403-4o8 

conversion to English units, 407-'^08 
micro, ho6 
micron, ho6 
millimeter, 4o4, 405 
mode, 227 
multiplication 

by powers of ten, 383-384 

of negative numbers, 261-267 

of rational numbers, 260-267 

of rational numbers on the number line, 260-262 
multiplication property of 0, 267, 373, 374 
multiplicative Inverse, 271, 273, 3,3, 374 
negative 

exponent;, 3oi8 

half-Une, 243 

integers, 245 

numbez-'s, 244 

rational numbers, 239, 2^ft 
non -negative integers, 2^5 
non-negative rationals, 37^^ 
number, t, i85 

number line, 242-262, 357-359, 36o^-36l, 37^s 3V'6 
addition on the, 247-249, 252-25^' 
multiplication on the, 260-262 
subtraction on the, 255-258 
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numbers 

Irrational, 362-365, 366 
negative, 2^4 
positive, 243, 245 
rational, 245, 272, 358, 
real, 357-359, 365, 37^ 

obtuse angle, 92 

opposite, 245, 2S4 

order property, 373 

origin, 242, 306, 307 

pace, 9 

parallel lines, 80, 99, loi 
para I le logram , 125 
altitude of, 139 
angles of, 131 
area of, 139 
bases of, l4o 
opposite sides of, 128 
pentagon, 123 
perimeter, 21 
perpendicular, 90 
phrases, 279, 280, 296 
Fi (tt), i85' 

approximations of, l8s 
point of tangency, 17; 
polygons, 21, 123 
hexagon, 123 
pentagon, 123 
0 uadr 1 la t era 1 , 123 
positive, 243 

hal'' 'line, 2^^:; 
Integers, 2^5 
niunber, 243, 
rational nvmiber, 2''i5 
powers of te 

dividing by, 386 
multiplying by, 383 
precision, I7 
prism, 148 

bases, of, 149 
edge of, 69 
faces of, 49, 66, l^o 
height of, 151 
pentagonal , 149 
rectangular, ^19, 68, ih 
surface area, 69 
triangular, 62; ' '^9 
vertices of, 56, 60^ i 'i 
volume of . 152 
product of neg- :ive rm:;' 

proof, 135, 138 
properties of number s.vr- 
protractor, 76 
Pythagoras , 337 
Pythagorean Property, 7'^ ' , 

proof of , 338-3^^2 
quadrants, 312 



quadrilateral, 123 
radius, l66, 175, 200 
definition, l66 

relation to circumference, l85 
relation to diameter, 175 
range, 227 

rational numbers, 2^l5i 272, 350. Sob, 
addition of, 2^7-2^^, 252-25^ 
division of, 268-270 
multiplication of, 260-267 
negative, 239^ 2^5 
non-negative, 37^^ 
positive, 2,^5 

properties of, 273, 3', 3, 37'- 
set of, 245 

subtraction of, 25^-258 
real numbers, 357-359, 365, 3V^^, 576 
reciprocal, 271 
rectangle, 21 
rectangular region, 38 
rectangular solid, 69^^ 
repeating decimals, 366, S^'O, 376 
right angle, 92 
right half-plane. 311 
right prisms, l^^S 
right triangle, 337, 338 
ruler, 3 

scalene triangle, 108 

scientific notation, 379, 390, 39 

definition, 382 

division^ 396-397 

multiplication, 393-395 
semi-circle, 180, 201 
sentences, 279, 283-286, 2^2, 29b 
.■reparation, on a circle, 17^^' 
set 

of integers, 2'^^o 

of rational numbers, 2''-:: 
solution set, 236, 292-29'-, 296 
solutions 

of equations, 279, ^'8-; 

of sentences, ?79; 2b'- 
sphere, 62 
square 

centimeter, 39 

foot, 39 

inch, 39, 68 

region, 39 

yard, 39 
square root , (-/ , 7'^-; 

table of, 35'^-357 
subtraction 

of negative ' n'> jnber^: , 27?-7::C 

of rational numbers on the :v.;:r;bvr L 
supplementary angles, 

surface area of a cyllndr^lcal solir:, 1 
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symbols 

> (greater than). 2*;3^ 28h 
< (less than), 2^3, 2ti^* 

(equal to), 28^1 
^ (approximately equal to), 380 

(pi), 185 



(square root), 3'^5 
table--squares and square roots of numbers, , 
tables for reference, 73 
tangent lines, 177, 201 
transversal, 96, 101 
triangle, 107 
altitude of, 
area of, l^f5 
base of, Ihr 
equilateral; I08 
isosceles, ioy 
right, ,337, 338 
scalene, 108 

sum of the measures oV the angles oi\ llB 

vertices of, 107 
union of circles, 17I 
upper half-plane, 311 
'Verbs". 284 

= , 264 

>> 284 , 

<, 284 
vertical angles, 83, 87 
vertices of a triangle, 107 
volume 

meaning of, 53 

of cylindrical solid, 19^ 

of prism, 152 

of rectangular solid, no 
wholi numbers, 2^'i5, 37- 
X-^:.is, 307 

X-coordlnate , 308, 310 

negative, 311 

positive, 311 
Y-kxis, 307 
Y-cr>ordina.e, 308, 310 

negative, 311 

positive, 311 
yard, 8 
zero, 245 

zero property of mult: Lp llca^c Lon , ?c7, 3';o, 3V 



